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Abstract 

The classical HKR-theorem gives an isomorphism of the n-th Hochschild cohomology of 
a smooth algebra and the n-th exterior power of its module of Kahler differentials. Here we 
generalize it for simplicial, graded and anticommutative objects in "good pairs of categories". 
We apply this generalization to complex spaces and noetherian schemes and deduce two de- 
composition theorems for their (relative) Hochschild cohomology (special cases of those were 
recently shown by Buchweitz-Flenner and Yekutieli) . The first one shows that Hochschild co- 
homology contains tangent cohomology: HH n (X/y, M) = U i _ j=n Ext i (A ; 'L(X/y),7V(). The 
left side is the n-th Hochschild cohomology of X over Y with values in A4. The right hand- 
side contains the n-th relative tangent cohomology Ext n (L(X/Y), M) as direct factor. The 
second consequence is a decomposition theorem for Hochschild cohomology of complex ana- 
lytic manifolds and smooth schemes in characteristic zero: HH n (X) = \J i _ J=n H l (X, A J 7x). 
On the right hand-side we have the sheaf cohomology of the exterior powers of the tangent 
complex. 

Keywords: admissible pair of categories, complex space, Hochschild cohomology, regular 
sequence, scheme 
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Introduction 

A better title for this paper would be: "Hochschild Cohomology for Admissible Pairs of Categories 
and Application to Complex Spaces and Noetherian Schemes" . Since this title would be too 
lengthy, and admissible pairs of categories seem not to be so well known, I did not mention them 
in the title. Admissible pairs of categories are pairs (C, M), where C is a certain category of 
algebras (one should think of global sections of the structure sheaf of an "affine" space 1 ) and 
M. is a category of certain modules over objects in C (one should think of global sections of 
coherent modules over an affine). They were invented by Bingencr and Kosarew in 0] and are 
quite useful in deformation theory, since the PO-algebras and modules of Palamodov also fit into 
this definition. To describe spaces globally, one has to consider simplicial objects in C and M. for 
an admissible pair (C,A4), i.e. functors from the "nerf" of an affine covering of the space to C and 
A4. Each construction, using admissible pairs, which is canonical in a sense, can be generalized 
to the simplicial case. To generalize non-canonical constructions one has to do some work. 
In this paper, we use admissible pairs of categories to unify the algebraic Hochschild theory, that 
can be found in several textbooks (for ex.^T]), and the geometrical approach, which in the an- 
alytical context is due to Buchweitz and Flenner. The central result will be a generalization of 
the classical Hochschild-Kostant-Rosenberg theorem for differential graded algebras. From this 
generalization we will deduce the following HKR-type theorem: 

When X — > Y is a morphism of complex spaces (paracompact and separated) or a separated mor- 
phism of finite type of noetherian schemes in characteristic zero, then there is a quasi-isomorphism 

H(.Xyy) w AL(X/Y) (0.1) 

over Ox, where M(X/Y) is the relative Hochschild complex of X over Y (see section and 
h(X/Y) is the relative cotangent complex. This statement is also true, when Y is just a single 
point and X a smooth scheme in characteristic zero. From this main result we will deduce two 
nice decomposition theorems for Hochschild cohomology. The first one shows that Hochschild 
cohomology contains tangent cohomology: 

UR n (X/Y,M)= U Ext 4 (A 3 L(A/r),A4). (0.2) 

The left side is the n-th Hochschild cohomology of X over Y with values in M. . The right hand-side 
contains the n-th relative tangent cohomology Ext n (h(X/Y), M) as direct factor. For complex 
spaces, this decomposition, as well as eauation lO.il was already shown in a different way by Buch- 
weitz and Flenner j^]. 

The second consequence is a decomposition theorem for Hochschild cohomology of complex ana- 
lytic manifolds and smooth schemes in characteristic zero: 

HH"(A)= \\ H\X,AiT x ). 

i—j=n 

On the right hand-side we have the sheaf cohomology of the exterior powers of the tangent complex. 
A proof of this result for complex analytic manifolds was announced (but not yet published) by 
Kontsevich. For schemes, the latter result is also proven by Yekutieli |14| . 

In the analytic context, by an "affine" space we mean a Stein compact. 
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To make this paper more independent, we will state all axioms and definitions that we need about 
admissible pairs of categories in section ^ One reason for this is, that the main reference is 
not any more available. 

To prove a global statement as equation 10.11 we need three steps: First, we have to prove it for 
good pairs of categories. Secondly, we have to generalize it to simplicial objects in C and M. 
Third, by using a Cech-construction, we prove them for sheaves of algebras or modules. 

This paper is organized as follows: In the beginning of section ^ we state the definitions for ad- 
missible pairs of categories. In ll.2l we will precise the notation of free objects and of good pairs of 
categories. In ll.3l and ll.6l we explain how to construct, starting from an admissible (resp. good) 
pair (C,M) of categories, the admissible (resp. good) pairs (gr(C), gr(Ai)) and (gr 2 (C), gr 2 (M)), 
containing (anti-commutative) graded and double graded objects. In ll.5l we define resolutions and 
resolvents and prove a first important statement, saying that two resolvents of a homomorphism 
of (simplicial) algebras are homotopy equivalent. This is an improvement of 0], proposition (8.4), 
saying that two resolvents are quasi-isomorphic. In ll.7l we generalize the definition of the (cyclic) 
bar complex for admissible pairs of categories and state their main properties. (In the classical 
literature, the cyclic bar complex is called Hochschild complex.) In ll.81 we adapt the definition of 
regular sequences to the graded anticommutative context. Here we prove the equivalence of four 
different conditions. In ll.9l we have to prove several statements, concerning the universal module 
of differentials. The reader who is only interested in the theory of schemes or complex spaces, i.e. 
in the examples (C^°\ M^) and (C^\ A4^) of good pairs (see example llllf) . can leave out the 
lecture of this subsection, since for this examples, all statements proven here, are well-known. In 
sectional we define Hochschild complexes and Hochschild cohomology for admissible pairs of cate- 
gories. In l2.1l we show that the definitions in [^] generalize the classical definitions in the algebraic 
context. In section[3]we prove the main result, i.e. a generalization of the classical HKR-theorem 
and deduce a decomposition theorem for Hochschild cohomology. In section this results are 
applied to schemes and complex spaces. For this, we have to introduce simplicial technics and to 
define Cm 14. 1(1 resolvents of homomorphisms of complex spaces and schemes. Then we can define 
Hochschild complexes and Hochschild cohomology in the same way as Buchweitz and Flenner , 
and the announced decomposition theorems will be deduced by the generalized HKR-theorem in 
the last two subsections. 

Acknowledgments: I want to express my gratitude to Siegmund Kosarew for many useful 
suggestions and to Ragnaz-Olaf Buchweitz and Hubert Flenner for a preliminary version of their 
paper on Hochschild cohomology. 

Conventions: For a ring k, we denote the category of /c-modules by k-9Jlod. When we work with 
a morphism / : A — > B in any category, we denote the kernel of / in the cetegorial sense by 
kern/. So kern / is a morphism K — > A, where K is an object, determined up to a canonical 
isomorphism. By Kern/, we mean the object K. In the same manner we use the notations cokern, 
Cokern, im and Im. So, for example, we have Im/ = Kern(cokern/). We will use «, to denote 
quasi-isomorphisms and ~ to denote homotopy-equivalences. We will use the letter D to denote 
derived categories and K to denote homotopy categories, i.e. the localization of categories by 
homot opy- equivalences . 
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1 Admissible pairs of categories 

We fix a ground ring K (in our main reference 0] K is the field Q, so here we start with a more 
general setting). Denote by C a category of commutative K-algebras and by C-Wlod the category 
of all modules over algebras in C and let M be a subcategory of C-VJlad. Then the pair (C, A4) is 
called an admissible pair of categories if the following conditions hold: 

(1) In C there exist finite fibered sums, that we denote as usual by A ^ B. 

(2) When tfi : A — > B is a homomorphism in C and N a module in A4(B), then N is via 
</> an object of M(A) and for each module M in M(A), Hom^^) (A7, TV) is the set of all 
0-homomorphisms M — > N in M.. 

(3) Let A be an algebra in C. Then Ai(A) is an additive category, in which kernels and cokernels 
exist. Further C A is a subcategory of M.(A) and the functor of A4(A) in A-VJlod commutes 
with kernels and finite direct sums. 

(4) Let (f> : A — > B a homomorphism in C and u : M — > N a homomorphism in A4(B). Let 
7 resp. 7' be the kernel of u resp. U\m in .M(7?) resp. M(A). Then the canonical map 
7' — > Lui is an isomorphism in .M(A). 

(5) Let A be an algebra in C and iV a module in M(A). Then for each finite family M^; i e J 
of modules in M(A), there is a given K-submodule 

Mult M{A) (Mi,i G 7; AQ 

of the module Mult^M, i e 7; AT) of A-multilinear forms riiei — * ^» which is functorial 
in each Mi and N and has the following properties: 

(5.1) Let io be an element of 7 and u : M t ' o — ► Mj a homomorphism in A4(A). Set 
Mj" := Cokern(u) and M- := M" := Mi for i G 7 \ {i }. Then the sequence 

-> Mult M(A) (Mf , * 6 7; AT) -> Mult M(A) (A7 ( , i € I;N) —* Mvlt M(A) (M-, ieI;N) 

induced by u is exact. 

(5.2) For modules M, N e .M(yl) there is a canonical isomorphism 
Mvlt M(A) (M;N) -^Uom M{A) (M;N). 

(5.3) For M in M(A), the multiplication map /x M : AxM — > M is in Mult^^) (Ax M; M). 

(5.4) If a : 7 — > J is a bijective map, then the restriction of the isomorphism 

Mult A (Mi,i El;N) — > Mult A (M a -i U} , j € J; N) 
defined by a, defines an isomorphism 

Mvlt M{A) (Mi,i e 7; AT) — > Mult MW (M CT -i a) ,i G J; AT). 

(5.5) Each homomorphism (f> : A — ► B in C induces a cartesian diagram 

Mu\t M{B) (M t ,i G 7; AT) »-Mult M (A)((Afi) w ,t G /;%]) 

Multfl(Af 4) i € 7;J\0 Mult A ((A7) [0] , i e /;%]) 

(5.6) For each z G 7 let 7j, j 6 ^ a nonempty finite family of modules in .M(yl). Set 
J := Mi^iJi. Then the canonical map 

(Y[ Mult M(A) {LjJ G Jjj M<)) x Mult M(A )(Af<,i G 7; AT) — > Mult A (7j,j G 7; AT) 
factorises through Mult J vi(A)(7j, j £ 7; AT). 
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(5.7) The functor N Mult^A) (Mi, i £ I;N) on M(A) is represented by a module 
® teI ^M t in M{A). 

(5.8) If / is a disjoint union \Jj e jIj with Jj 7^ for all j, then the canonical homomorphism 

(g) M,— ((g) Mi) 

iel A 3 eJ A ieI oA 

is an isomorphism in M(A). 

(5.9) The canonical map A ®^ M — ► M is an isomorphism in M(A). 

(6) Let <j> : A — ► B be a homomorphism in C and M a module in Ai(A) and A" a module in 
M(B). Then N (g)^ M is via the canonical A-bilincar map 2 

BxJV®^M — ► AT (g)^ 4 M 

a module in A4(B). The analogue statement holds for M (g^ N. 

(7) Let fc — ► A and fc — ► £? be two homomorphisms in C and resp. ip the canonical maps of 
A resp. B in C := A ®^ B. Let M be a module in .M(fc) and p : C x M — > M an element 
of Multx( fe )(C x M; M) such that 

(a) p extends the multiplication of fc on M. 

(b) M is via p a C-module. 

(c) M [4>] is in M{A) and M M in M{B). 

Then M is in M{C). 

(8) For algebras ^4 and B in Cfc, the canonical map A ®^ B — ► A ®£ i? is an isomorphism in 
A-1 (/••:.. 

We specify admissible pairs by the following axioms: 
Axioms Let A be an algebra in C. 

(51) When u : M — ► A^ is a homomorphism of finite A- modules in A4(A), then the cokernel of 
u in M (A) coincides with the cokernel of u in A-DJlod and ior N — A the cokernel of u is an 
algebra in Ca with respect to the canonical projection A — ► Cokern(w). 

(SI') For any homomorphism u : M — > N of A-modules the cokernel of u in Ai(A) coincides 
with the cokernel of u in A-VJlod and for N = A the cokernel of u is an algebra in Ca with 
respect to the canonical projection A — ► Cokern(u). 

(52) Bijective homomorphisms in M(A) are isomorphisms. 
Example 1.1 

(i) Let C(°) be the category of all commutative K- algebras and the category of modules 
over algebras in . Then {C^°\M^) is an admissible pair of categories that satisfies 
axioms (SI') and (S2). 

(ii) In the first example, we can replace by the category of all noetherian, commutative 
K- algebras. 

(iii) Let be the category of all analytic C-algebras, i.e. the category of all sections of the 
structure sheaf of a Stein compact. Then each algebra in is a DFN-algebra and each 
homomorphism of such algebras is continuous. Let be the category of all DFN-modules 
over algebras in For modules M and A^ in M^ x \ we set Hom^fi) (M, N) to be the 
group of all continuous homomorphisms M — ► N in Hom C (i) (M, N). We set Mult_ M (i)( ) 
to be the group of all continuous multilinear forms. Then (C^ x \ M.^) is an admissible pair 
of categories that satisfies axioms (SI) and (S2). 

2 The existence of this map is a consequence of (2), (5.7) and (5.8). 
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(iv) In the last example, we can replace by the category of local analytic algebras. 

1.1 About the tensor product ®^ 

Let k be an algebra in C. In the following considerations A, B, M and N are modules in A4(k). By 
axiom (5.2), there is a natural isomorphism ~: Mult_ M ( fe ) (A x B,M) — ► Honiyvt(fc) {A ® k B,M). 
This means that each morphism / : M — ► N in A4(fc) induces a commutative diagram 

Mult^ (A x B, M) — ^ Hom M(fc) (A ®f B, M) 

r r 

Mult A1(fe) (A x B, N) ttom M(k) (A <gf B, AT) 

We denote the inverse map of <~ also by ~ . 

Remark 1.1 For h e Horn^fc) (A ®^ B, N) we have h — ho Ha®b- 

Proof: In the diagram above, set M := A®-^ B and / := h. We have h = /i*(IdA®s)- So /i is the 
image of I(1a®b by going through the diagram starting up right, going down and left, h o Id^s 
is the result, choosing the other way. □ 

The following consequence reminds of the situation, where A® M B is a topological tensor product 
in which the usual tensor product is a dense subset, and Hom^ stands for continuous mappings. 

Corollary 1.1 Each homomorphism h G Hom^a) (A (g)-^ B,N) is uniquely determined by its 
values on the elements of the form a®b = Id J 4 (8 s((a, b)). 

Now suppose that A and B are fc-algebras in C. We will explain that there are two ways to see 
the elements a <g> b in A (g^ B = A (gjr B: By the universal property of fibered products, there is 
a natural homomorphism of fc-algcbras a : A ®^' s B — ► A ®^ B. 

Remark 1.2 For elements a (gib of A ®^ 10 B, we have a(o (g^ 00 b) = Id A ^M B ((a, b)). 
Proof: We see that a is just the image of ld A0 M B by the composition of the mappings 

Rom M (A ®^ B, A B) = Mn\t M {A x B,A®^ B) ^ 
Mult fe _ OToa (^ x B, A ®f B) S Hom fe _ OTo5 (^ ®f oD B, A <gf B). 

□ 

Corollary 1.2 For elements a,a' <E A and 6, &' G B 7 we /icwe (a (g 6) (a' <g b') = aa' (g 66'. 

Remark that in the antisymmetrical graded context (see below) we will have (a (g 6) (a' (g 6') = 
(— l) ba aa' (g 66' for homogeneous a, 6, a', 6'. 

1.2 Free modules and algebras 

In this subsection we remind the definitions of free objects in the categories C and M 1 where 
(C,M) is an admissible pair of categories. 

Free algebras: A marking on C is a family (F t ) tG j of subfunctors F T : C — ► (sets) of the 
identity functor, such that F T {A) contains for all r and all objects A in C. For a given object k 
of C and a family {Ti) ie j, we consider the functor Fj^ ■ A i— > Yl ieI F Ti (A) on the category Cu- If 
Fj ; fc is representable, i.e. there is a fc-algebra A and a canonical bijection 

6:Homf(A,B) — J]F Ti (B) 

*€J 
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for each algebra B in Ck, then A together with the family (ei)jgj = 6(IcLa) is called the free 
algebra over k with free algebra generators e*, i £ I. We will write A = fc(ej)i E j. The marking 
F is called representable, if Fj : k is representable for each k in C and each finite family (Tj), e j. 

Free modules: A marking on is a family (G u ) ue u of subfunctors G u : M. — > (sets) of the 
identity functor, such that for each u £ U the following condition holds: For each homomorphism 
4> : A — > B in C and each module N in A4(B) we have G u (iV^] ) = G U (N). For a given algebra 
A in C and a family (itj)jgj, we consider the functor Gj^ : M t— > JX;g/ G Ui (AT) on the category 
Af(A). If Gj : a is representable, i.e. there is an A-module M and a canonical bijection 

6 : Ho mA1(A) (M, AO — JJ G Ui (A) 

for each A-module iV, then M together with the family (ej),* e j = 6(Idjvf) is called the free module 
over A with free module generators e^, i 6 I. We will write M = Oie/ ^ e «- The marking G is 
called representable, if Gj,a is representable for each A in C and each finite family (uj)jgj. 

A marking on (C, A4) is a pair (F, G) of a marking F — (F T ) Te j on C and a marking G = (G u ) ue u 
on A4 together with a map rj : T — ► U, such that F T (A) C G^( T )(A) for each A in C and each r 
inT. 

Axioms Let (F,G) be a marking on (C, M). 
(Fl) F is representable. 

(F2) Let k be an algebra in C and A = fe(ei)igj be a free fc-algebra in C. Then the canonical 
homomorphism fc[ej]j e j — ► k(ei)i e j in fc-9Jlot) is flat and the functor M i— > A®^ 1 M is exact 
on the category of finite modules in M(k). 

(F3) Let A be like in (F2) and A' = k(e' i } ie p be another free fc-algebra in C with 7 C /'. Then 
A' is flat over A via the homomorphism A — > A' with e,; i— > e^. 

(F4) G is representable. 

(F5) For each u € [/ and each A in C, G u is a right exact functor on A / ((A). 

(F6) Let A be an algebra in C and £7 = ]J igJ Ati be a free A-module with respect to G with 
finite basis (e.;)^/ and let M be a module in A4(A). Then the canonical homomorphism 
M 1 — ► M ®a E in A-9Jtot) is bijective. 

(F7) Let k be an algebra in C and A = k{ei)i^i be a free fc-algebra in C with finite I. Then Qa/u 
is a free A-module with basis dei G Gw^^O^/fe). 

Remark that Axiom (F2) implies that free algebra generators (of degree 0) are no zero divisors. 

Definition 1.1 The marking [F, G) is called good, if axioms (Fl), (F4), (F5), (F6) and (F7) 
hold. An admissible pair of categories (C, M.) equipped with a good marking (F,G) is called a 
good pair of categories, if it satisfies axioms (SI) and (S2). 

Example 1.2 

(i) On the admissible pair (C^°\ M.^) of example lllll we work with the trivial marking, i.e. 

F(A) = A for each algebra A in C, G(M) = M for each module M in M{A). With this 
marking, (C^\M {a) ) is a good pair of categories, that satisfies additionally axioms (F2) and 
(F3). 
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(ii) Consider the admissible pair (£W, M (1) ). For A in and i £ T := (0, oo) let F t (A) be the 
set of all elements of A, such that the transformation of Gelfand (see [Hj for the definition) 
x(A) — ► C factorises through {z £ C : \z\ < t}. Further, let G be the canonical marking 
on .A/^ 1 -*. Then the pair (C^\ Ad^), together with the marking (F,G) is a good pair of 
categories, that satisfies axioms (F2) and (F3). 

(iii) When C is the category of local analytic algebras and Ad the category of DFN-modules over 
C, then for G we use the trivial marking and for objects A, we set F(A) to be the maximal 
ideal of A. Then (C, Ad) is a good pair of categories, that also satisfies axioms (F2) and 
(F3). 

1.3 About graded objects 

Let (C,Ad) be an admissible pair of categories. As in pQ, we can construct a new admissible pair 
(gr(C),gr(M)) as follows: 

Let gr(C) be the category of graded anti-commutative 3 rings A = ]J i<0 A 1 with A in C, all A 1 in 
M(A°), such that the multiplication maps A* x A j — ► A l+j belong to Mu\t M{A o ) (A i x A j , A l+j ) . 
A homomorphism <p : A — ► B in gr(C) is a homomorphism of graded anti-commutative rings, 
such that 4>° is a homomorphism in C and all : A 1 — ► B l are <f>°- linear homomorphisms in Ad. 

Let gr(Ad) be the category over gr(C) whose objects over an algebra A in gr(C) are the graded 
A-modules M = LJ igZ M\ with M i = for almost all i > 0, such that each M i is in Ad(A°) and 
the maps A 1 x M j — > M i+j belong to Mult M(Aa) {A i x Mi,M i+ i). When B is another algebra 
in gr(C) and TV a module in gi(Ad)(B), then Homgr^^M, N) is the set of all pairs (0, /), where 
4> : ^4 — ► B is a homomorphism in gr(A4) and / : M — > N is a ^-linear homomorphism of degree 
zero, such that all p : M i — > iV l are homomorphisms in Ad over 0°. 

For modules Mi, ... , M„ and TV in gr(A4)(^4), let Mult gr (>t)(^) (Mi x ... x M„, N) be the K-module 
of all maps / : Mi x . . . x M n — > AT with the following properties: 

(1) For ki, . . . , k n in Z, the restriction f\ M H xA / fc ™ factorises over a map in 
Mult A4(A o ) (M 1 fel x ... x M^,N k ^+-+ k "). 

(2) For elements a G A and g M^, we have 

/(mi, . . . , m r a, m r +i . . . m n ) = /(mi, . . . , m r , am r +i, . . . , m„) for 1 < r < n and 
/(mi, . . .,m n a) = /(mi, . . . ,m„)a 

We made use of the fact that we can make each M in gn(Ad)(A) an anti-symmetrical A-bimodule 
by setting m ■ a := {— \)3^ m )s( a ) a . m f or homogeneous elements a £ A and m £ M. 

To define free algebras in gr(C), we have to modify the definition in subsection 11.21 as follows: 
There is a map g : T — ► Z<o and each functor F T is a subfunctor of the functor A i— » A 9 ^ T ^. In 
this graded context, when F 1 is representable, then each functor F/^ is representable, when for 
n < 0, the set of all Tj with <?(ri) = n is finite. In this case the free algebra A(ei)i e i is called 
g-finite free algebra. Of course, the degree g(ei) of a free generator ej is just g(ri). 

To define free modules in gr(A^), we have to modify the definition in subsection 11.21 as follows: 
There is a map g : U — > Z and each functor G u is a subfunctor of the functor M M b ^ u > . In 
this graded context, when G is representable, then each functor Gi^a is representable, when for 
each n, the set of all ui with <7(«,) = n is finite. In this case the free module U ig j Aet is called 
g-finite free A-module. We have (?(e,-) = g(ui) for i £ /. 



3 i.e. afe = (— l)9( a )9( ft ) ba for homogeneous a, 6 A 
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To define a marking on (gr(C), gr(yV()), we have to add in subsection ll.2l the condition, that the 
map r] : T — > U is compatible with g. 



Example 1.3 When G is a marking on A4, there is a marking gr(G) = (gr(G)) u ' e (// on gr(A4), 
defined in the following way: Set U' :— U x Z. For A in gr(C), M in gr(.A/f) and u' = (u, n) E U' 
set gr„,(G)(M) := G u (M n ). Here we have g(u') = n. 

When (F,G) is a marking on (C,A4), there is a marking gr G (F) = (gr G (F) r /) r / e -r' , defined in the 
following way: Let T' be the disjoint union of T x {0} and U x Z<o- For A in gr(C) and r' = (r, n) 
we set gr G (F) T ,(A) = F T (A) if ra = and gr G (F) T / (A) = G r (A") if n < 0. 

When (F,G) is a marking on (C 7 M), then (gr G (i ;l ), gr(G)) is a marking on (gr(C), gr(A4)) with 
the map rj' : T' — > U' given by (r, 0) i— > (^(r), 0) and (w, n) i— > (u, n) for n < 0. 

Remark that by 4 , lemma (7.6), free algebra generators of negative degree behave much like 
polynomial variables 4 and when (C, M) is a good pair of categories, then (gr(C), gr(A^)) is also a 
good pair of categories. 

When (C,A4) is an admissible pair of categories that satisfies axiom (S2), then by @] proposition 
(6.9), the admissible pair (gr(C), gr(M)) also satisfies axiom (S2). In general this is not true for 
axiom (SI). But we have: 

Remark 1.3 Let (C,A4) satisfy axiom (SI) and let A be an object of gr(C), such that all A 1 are 
finite A°-modules. Then for g-finite modules M, N in gr(A4)(A) each homomorphism / : M — ► N 
in gr(A4)(A) is strict, i.e. the cokernel of / in gr(A^) coincides with the set-theoretical cokernel. 

Remark 1.4 Let (C,A4) be an admissible pair of categories with a marking (F,G), where G is 
trivial. Suppose that axiom (51) holds. Let k be an algebra in C and let M\,Mi and N be 
modules in Ai(k), such that Mi and M-i are finite k- modules with Mi C N and Mi n M% — {0}. 
Then we have 

(1) The inclusions Mi N are homomorphisms in M(k). 

(2) Mi+M 2 is in M{k). 

(3) The inclusions Mi — ► Mi + M 2 are homomorphisms in M.(k). 

(4) The projections Pi : Mi + Ma — > Mi are homomorphisms in A4(k). 

(5) Mi +M 2 = Mi ©M 2 . 

In (gr(C), gr(A4)) the same statement is true when we suppose that all k % are finite fc°-modules 
and Mi , M 2 and N are g-finite. 

Proof: (1) There are free finite fc-modules Li in A4(k) and homomorphisms fa : L, — > N such 
that the inclusions Mj > is kern(cokern(</)i)). (2) We have Mi + M 2 ^ N = kern(cokern(0i + 
fa>))- (3) Mi iV factorises through kern(cokern(0i + ^2))- (4) The projection Mi + M 2 — > Mi 
is the kernel of the inclusion M 2 — ► Mi + M 2 in k-VJlod, so as well in A4(k). (5) Consider 
homomorphisms fi : Mi — > P in M{k). We define a homomorphism M + N — ► P as fi opi + 
f 2 o p 2 . Then the diagram 

Mi + M 2 ^ Mi 



M 2 

4 For a more precise statement see proposition 11131 
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in M(k) commutes. The graded case follows in the same manner. 



□ 



Remark 1.5 

(i) Suppose that (C, M) is a good pair of categories and that k is an algebra in gr(C), such that 
each k l is a finite fc°-module. Let R = k(T) be a free g-finite algebra over k in gr(C). Then 
there is a decomposition 

R = k ® Rt 

teT 

in the category gr(M)(k). 

(ii) Suppose that additionally the marking G on M. is trivial and that axiom (F2) holds. Then, 
for each n > 0, there is a decomposition 

R = fee t\k® ... ® ^2 tx-...-t n k® h ■ . . . ■ t n+ iR. 

tieT ti,...,i„6T ti,...,t„ + i£T 

Proof: (i) We can form the free g-finite i?-module M = \\ teT Re(t), where to each free algebra 
generator t G gi G (F) T > we have associated a free module generator e(t) G gr(G) I) ( T ')(M). Now we 
consider the homomorphism M — > R in gr(A4)(R) with e(i) i— ► i. By remark ITFTl the cokernel 
map of this homomorphism coincides with the cokernel map in R-dJtod, which is just the projection 
p : R — ► R/(T) and R/(T) is an algebra in gr(C). Now there is a diagram 



R 




R/(T) 

in gr(C), where tt : R — > k is the homomorphism given by t »— > for t G T and the homomorphism 
fc — > R/(T) is the canonical inclusion. The diagram commutes, since in both directions a t G T 
goes to 0. So we get Kern(7r) = (T). But obviously, we have R = k ® Kern(7r). 

(2) The case n = is just (i). Instead of doing an induction step, we show the case n = 1: Iterating 
the decomposition in the axiom, we get 

R = k ® hk+ * i<2i? - 

ti£T ti.taGT 

We have to show that the sum on the right is a direct sum. With remark ITP1 it is enough to show 
that X^tiGT^ 1 ^ ^ J2t! tagT* 1 ^ 2 ^ = {0}- We can restrict ourselves to the case where T consists of 
a single element t. If the intersection was not trivial, then t would be a zero divisor. In the case 
g(t) = 0, this contradicts (F2). In the case g(t) < odd, the annulator of t is generated by t. In 
the case g(t) < even, t is no zero divisor. If the intersection was not trivial, we would find an 
annulator oft, which is not in (t). Contradiction! □ 

1.4 Simplicial objects 

Let / be an index set. Then a set TV of subsets of / is called simplicial scheme over /, if M\ 
if for all i G /, we have {i} G AT and if every nonempty subset of an element in J\f is again in Af. 

For an element a of a simplicial scheme TV over /, containing n elements, set \a\ := n — 1. Then 
for n > 0, the set TV (n) of all a G TV with | a\ < n is again a simplicial scheme over /. 



10 



A simplicial scheme A" can be seen as category, where Hom(a, (3) contains only the inclusion a C /3, 
if a C /3 and is empty in all other cases. 

When A is any category, by an A"-object in A, we mean a covariant functor A" — ► A. The 
Af-objects in A again form a category denoted by A^ . When (C, A") is an admissible pair of cat- 
egories and A = (A a ) ae j^ an object of , we denote the category of A"-objects M = (M a ) ae j^ 
in M u with M a e ob(A4(A Q )) by A^(A). 

Let (C, M) be an admissible pair of categories and N a simplicial scheme. Let ((F T ) T <zj, (G u ) ue u) 
be a marking on (C, Then for each pair (a, r) in M x T, there is a functor F ajT : A i— > F r (A a ). 
For a family (aj,Tj),i G / of elements of A" x T and A in , there is a set- valued functor 
B i ► n ie / f ^,tA b )- We will denote it by F J)A . 

Remark 1.6 Suppose that for each a G A" the free A Q -algebra A' a = A a (e^) ai c a in the free 
generators e\°^ G F Ti (A' a ) exists. For a C /? let p a/ g : A' Q — ► be the homomorphism in C over 

A Q , given by ef^ i— ► e^. Then A' = (A^Jq,^ is an algebra in and together with the family 
(e^^ig/, it represents the functor Fj t A- We call it the free A-algebra in the free generators 
e-i '■= e\ G F auTi (A') and denote it by A{ei)i e i. 

For each pair (a, u) G M x [/, there is a functor G QiU : M i— ► G u (M a ). For a family (c^, Uj), z G / 
of elements of A" x [/ and A in C - ^, there is a set-valued functor TV P| ieJ G auUi (M). We will 
denote it by G/,a- 

Remark 1 . 7 Fix a family (a, , it j) , i G / of elements oiAfxU and an algebra A in Suppose that 
for each a G A" the free A^-module M Q = U Q . Cct A a e\ a ^ in the free generators e\ a ^ G G Ui (M a ) ex- 
ists. For ttCft let p a/ g : M Q — ► be the homomorphism in M over A Q , given by e\°^ ^> e^. 
Then M = (M a ) a( zj^ is a module in M 1 ^ and together with the family (e^ ai ^)i e i it represents the 
functor Gi t A- We call it the free A-module with free generators ej := ef"^ G G Qijtti (A') and 
denote it by \J ieI Aei. 

To distinguish the nonsimplicial from the simplicial context, we call the first one affine. 
1.5 Resolutions 

For a DG-modulc K in gr(A4)(R) with differential d -for the instant- denote the image of d 1 " 1 : 
K 1 ^ 1 — ► K l in M(R) by B l M and the kernel of d % in M(R) by Z l M . We use the same letters 
without subscript to denote image and kernel in R-Wlo?). In general, the quotient Z l M jB % M (formed 
in the category R-VJlod) is not an object of M{R). So we define the i-th homology H l M (K) of 
K in A4(R) to be the cokernel of the map B l M — ► When K is separated in the sense that 
the cokernels of the maps d : K l — ► K l+1 , the induced maps K % — ► Z 1 ^ (K) and the inclusions 
Z l M (K) — ► K % coincide with their cokernels, formed in the category R-Tlod, then W M {K) is as 
i?-module isomorphic to H l (K) = Z l /B l . We call K acyclic, if H l (K) = for all i. We call K 
A4-acyclic, if H l M {K) = for all i. 

Remark 1.8 Suppose that (C, M) satisfies axiom (SI) and all K l are finite /?-modules. Then K 
is acyclic if and only if K is A'f-acyclic. 

By a DG-resolution of an object B in M, we mean a DG- module M in gi(M) 1 such that 
H i M (M) = for i < and H° M (M) = B. 

Corollary 1.3 // the pair (C, M.) satisfies (SI) and (S2), then for a DG R-module K in gr(A / () 
which is finite over R° in each degree, the following statements are equivalent: 
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(1) K is a DG-resolution of an object M G ob(.M). 

(2) K is a resolution of M as differential graded R-module. 

We remind definition (8.1) in py. Here we work in an admissible pair (C, M) with a fixed marking 
(F,G). 

Definition 1.2 Let A — ► B be a homomorphism of DG-objects in gr(C) . When we talk of 
a resolvent of B over A, we mean a free DG-algebra R over A in gr(C)^ (with respect to 
the marking gr G (F)) together with a morphism R — > of DG-Objects in gr(C) A/ ' which is a 
surjective quasi-isomorphism on each a £ A/". 

In this paper, we will mostly work in a noetherian context, i.e. we will mostly assume that the 
following axiom is satisfied: 

Axiom (N) Each algebra A in C is noetherian and each finite module M in A4(A) is a quotient 
of a finite free A- module. 

If the good pair (C,A4) satisfies the axioms (N) and (F2) and if A % is a finite A°-module for all 
i and if B % is a finite B°-module for all i and if A is a quotient of a g-finite B°-module C in 
C^, such that each C a is a finite free i?°-algebra, then such resolvents exist by @|, prop. (8.7) 
and prop. (8.8). We can also deduce easily those results from remark Til 121 For the existence of 
resolvents in the non-noetherian case, see loc. cit. 

The next proposition is of great importance for this work. Here we consider a good pair (C,Af) 
of categories and suppose that the marking G on M. is trivial and that axiom (N) is satisfied. 

Proposition 1.1 Let A — ► B be a homomorphism of DG-objects in gr(C). Then for two g-finite 
resolvents R\ and R 2 of B over A, there exist homomorphisms R\ — ► R 2 and R 2 — ► R\ in gr(C), 
that are homotopy equivalences over A. 
Proof: First case: Suppose that R\ = R 2 . 

Set A' := A ® A a R\. Then R x and R 2 are resolvents of B over A'. With 4 , prop. 8.2., there 
are quasi-isomorphisms R\ — ► R 2 and R 2 — > R\ in gr(C) over A! . But since R\ = R 2 = A' , 
i?i and i?2 are free A'-modules in gv{M). Hence the quasi-isomorphisms are already homotopy- 
equivalences. 

Second case: Suppose that R 2 is a finite free algebra over i?J in C. 

By induction, we can restrict ourselves to the case, where R 2 = Ri(e) is just a free algebra in one 
generator. Consider the free i?5-algebra R :— R^(e,f), in gr(C) generated by a free generator e 
of degree and a free generator / of degree —1. We define a differential on R by setting / i— ► e. 
By remark H151 (1), we have i??(e) = Rq © eR\(e). So by axiom (S2), the differential gives an 
isomorphism fR\(e) — ► eRf{(e). With this in mind, we can easily construct a contracting ho- 
motopy on R. Now R[ := R\ ® R o R is homotopic over Ri to R\. More precisely, the inclusion 
Ri — > i?^ and the projection R[ — ► R 1 are homotopy equivalences. By the first case, there are 
homotopy-equivalences R[ — > R 2 and R 2 — > R[. 

General case: Let R3 be a free g-finite resolution of B over Ri <S>a Ri- Now R3 is free over 
Ri and R 2 and by the second case, there are homotopy-equivalences R\ — > R3 — > R 2 and 
R2 — » As — » fli in gr(C). □ 

In the simplicial case 5 , there is one little difference. A free algebra in gr(C)^ over an algebra A 
in gr(C)^ is not a free module in gr(A4) A ^(A), even if all free algebra generators are of strictly 
negative degree. The point is, that even A itself is not free as A-module. But we see that a free 
algebra over A with free algebra generators of negative degree is as A-module in gr(A / l) A ^ a direct 
sum A © M with a free A-module M. 

5 Remember that we still assume that the marking G on M is trivial. 
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We need two lemmas to prove a simplicial version of proposition ^ Q The first one is a simplicial 
version of the Comparison Theorem (for the affine case, see {F^, theorem 2.2.6). 

Lemme 1.1 Let A be a DG algebra in gr(C)^ . Let P = ]J ie / Aei be a free DG A-module in 
gr(M.)^ with a homomorphism P° — > M of A -modules in A4 (A ). Let N be an A -modules 
in M.^ and Q in gr(.M) A/ (A) a DG-resolution o/N. Let (ft : M — > N be a A -homomorphism 
in M. 1 ^ . Then there exists a homomorphism f : P — > Q, lifting (ft and it is unique up to a chain 
homotopy. 

Proof: The existence of such an / is not hard to prove. But we only make use of the uniqueness. 
So we only prove this part here: Let / and g two DG-homomorphisms, lifting (ft. Inductively we 
construct families {s a : \a\ < to} of compatible homotopy maps s a : P a — > Q a [—1\ satisfying 

n pn i n , / -i \n n+1 i 

.9 -/ =dQos a + (~l) s^ od P . 

Suppose, that the free generator a is associated to the pair (aj, Zi) with ctfj £ Af and Zi < 0. 
For to = and each (3 in TV with \/3\ — 0, we see that Pp is free DG-module in gi(A4)(A a ), and 
we can construct s* just as in the affine case. 

Now suppose that {s a : \a\ < m} is already constructed. Then for each f3 € J\f with \(3\ = to + 1 
we have 

P < 3 = II A ^ 

ctiC/3 

For a C /3, denote the restriction map P a — ► by p a p. For free generators with a.i C (3 but 
oti ^ /3, set sp(ei) := /0 Ql/ g(s Qi (e 4 )). Then we get 

(5/3 - //3)( e = Paragon ~ fa t )(e t )) = p ai /3{[s ai , d ai ](ei)) = [sp,dp](ei). 

For free algebra generators ej with on = (3 and say n — Zi — g{ei), exactly as in the affine case, by 
induction on n, we can find elements rrii in -P|* _1 such that 

(5/3 - M(ei) = spidiei)) + (-l) n d(m,). 

Then we set sp(ei) := rrii. 

In this manner, we get a family (s a ) a< £^f of compatible chain homotopies. □ 



Lemme 1.2 Let A be a DG algebra in gr(C)^ such that each A 1 is a finite A -module. Let 
M — Yliei Aei and N = Uj g j Aej two g-finite free DG A-modules in gr(A4) A ^, such that all 
generators and ej are of negative degree. Suppose that there is a quasi-isomorphism 

f = Ma ©/' : A © M — > A © N. 

Then f is already a homotopy equivalence. More precisely, there is a homomorphism 

g = Ma ®g' ■■ A © N — > A © N 

of DG-modules and a map s* : M — ► M[— 1] of graded modules, such that s® = and g o f — Id = 
[s,d]. 

Proof: Consider the following diagram, where the first line is just the mapping cone cone(/) = 
N © M[l] of / and the vertical maps are the canonical inclusions: 

*~ M- 1 © TV" 2 ^ M° © TV" 1 *~ iV° 

I L L 

N- 2 >- A^ 1 ^ iV° 

Since / is a quasi-isomorphism, the mapping cone of / is acyclic, so the first line is a resolution of 
the module {0}. The map t of DG-modules is a lifting of the trivial map — ► 0. The zero map 
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N — ► cone(/) is a second candidate for such a lifting. So we are almost in the situation of the 
uniqueness statement in the comparison theorem. The only difference is, that iV = A® N' is not a 
free module in gr(A^) A/ ^. But to construct a chain homotopy a : N — > cone(/)[— 1] = N[— 1] ©M 
for ~ t, we can set <j\a to be the composition of the inclusions A — > A © M' = M and 
M — > cone(/)[— 1]. On the free generators of N', the map a can be defined exactly as in the 
proof of the comparison theorem. So we can work with a family of maps 

a n = 0", i") : N n — ► M™ © A"" 1 

for n < 0, satisfying the condition 

t n = a"- 1 ( T" + (-i)v +1 (f. 

Here d denotes the differential of A and 5 the differential of cone(/). The evaluation of this con- 
ditions shows, that g is a chain map A — > M and that t is a chain homotopy for Idjv — / ° <?• 
In an analogue manner, we get a chain map h : M — > N with Idjvf ~ g o h. We see easily that 
then we have h ~ /, so we get Idj\/ ~ g o f. □ 

Of course, we can also show that two free module resolutions of a module in gr(A'f) are homotopy 
equivalent over the base ring. Now we can state the announced simplicial version of proposition lllll 
Suppose that the same assumptions hold. 

Proposition 1.2 Let A — > B be a homomorphism of DG-objects in gr(C) . Then, for two 
g-finite resolvents R\ and i?2 of B over A, there exist homomorphisms R\ — ► i?2 and i?2 — > Ri 
in gr(C) - ^, that are homotopy equivalences over A. 

Proof: We imitate the proof of prop lllll For the first step we have to use lemma IT121 The second 
and third step are easy to generalize. □ 



1.6 Double graded objects 

Let (C,Ai) be an admissible pair of categories. We define the pair (gr 2 (C), gr 2 (A^)) as follows: 
The objects of gr 2 (C) are the double graded rings A = , <Q A 1 '^ with A 0,0 in C and all A IJ in 
M(A°-°) such that 

(1) For a £ A hj and b E A k ' 1 we have ab = (~lY i+ ^ l +^ba. 

(2) The multiplication maps A l ' j x A k ^ — > j^i+j,k+k De i on g to 
Mult^^o.o)^' x A k ' l ,A i+j ' k+l ). 

Following the ideas of subsection ll.3l we can define Hom gr 2( C )(v4, B) for objects A, B in gr 2 (C), the 
category gr 2 (X), Hom gr 2 (jV)) (M, N) for objects M, N of gr 2 (M) and Multg r 2 (jV))(A) (Mi, M n , N) 
for modules Mi, M n , in gr 2 (A^)(A). We don't make this definitions explicit here. 

Remark 1.9 Let A be an object of gr 2 (C) and M, TV objects of gr 2 (A4). For (p, q) inZxZ set 
TP ' 9 : = LIi+j=p,fe+z=q Mhk ®a^.o Nhl - Then T : = U P , q TP,q is a tensor product of A and B in 
gr 2 (A4)(^4 0:0 ). T can be seen in two different ways as object of gr 2 (A4)(A). Consider the homo- 
morphism u : A ©^o.o T — ► T in gr 2 (A / f)(j4 0,0 ), sending a © m © n to ma © n — m © an. u can be 
seen in two manners as homomorphism in gr 2 (Ai){A) . Both of them induce the same A- module 
structure on T := Cokern(w). We see that T is a tensor product of M and TV in gr 2 (7W)(j4). 

Remark 1.10 The pair (gr 2 (C), gr(A4) 2 ) is an admissible pair of categories. 

Proof: Analogue to the proof of (6.9) in 0|. □ 



14 



Convention: When we consider an object K of gr(A4) as object of gr 2 (yV(), we set K l '° = K l 
and K*j = for j ^ 0. 

In the same manner as above, we can define a marking (grj^F), gr 2 (G)) on the pair (gr 2 (C), gr 2 (A / ()): 
Define the index set T" as T x {0, 0} U U x (Z^° x Z^°) \ (0,0). For t" = (r,0,0) £ T" and 
A G gr 2 (C) set gr 2 G (F) T „ (A) := ^(A ' ) and for r" = (u,p, g) in T" with (p,g) ^ (0,0) set 
gr 2 J (F) T //(A) := G^A™). Define the index set U" as [/ x Z x Z. For u" = {u,p,q) G f7" and 
M G gr 2 (X) set gr(G)»»(M) := G U (M™). 

In analogy to 0], lemma (7.6), we get: 
Proposition 1.3 

(1) Let A be an algebra in gr 2 (C) and A' = A(ei)i^i a free algebra over A, with respect to the 
marking grg(F). Suppose that the bidegree of each a is different to 0. Then the canonical 
homomorphism A[ei]i e i — > A' in A-2Ug is bijective. 

(2) If (F, G) is good, then (gr^(F), gr 2 (G)) is also good. 

Definition 1.3 A DG-algebra in gr 2 (C) is an algebra A in gr 2 (C) equipped with a (vertical) 
A°'°-derivation 6 v : A — ► A of bidegree (0, 1) with s 2 = 0. 

A DDG- Algebra in gr 2 (C) is a DG-algebra A in gr 2 (C) equipped with a (horizontal) derivation 
h of bidegree (1,0), that anti-commutes with v, such that h 2 = 0. A homomorphism between 
(D)DG-algebras is a morphism in gr 2 (C) that commutes with the vertical (and horizontal) differ- 
entials. 

Now let (A, s) be a DG-algebra in gr 2 (C). 

A DG-module in gr 2 (A4)(A) is a module M in gr 2 (A4)(A) equipped with a (vertical) differential 
v of bidegree (0, 1) such that for a G A and m G M k ' 1 the formula v(ma) — v(m)a + (—l) k+l mv{a) 
holds. 

At least let (A, v, h) be a DDG-algebra in gr 2 (C). A DDG-module in gv 2 (M){A) is a DG-module 
(M, v) G gT 2 (A4)(A) equipped with a horizontal differential h, that commutes with v and such 
that for a G A and m G M k ' 1 the formula h(ma) = e(m)a + (—l) k+l mt(a) holds. 
A homomorphism between (D)DG-modules is a morphism in gr 2 (A4) that anti-commutes with 
the vertical (and horizontal) differentials. 

Remark 1.11 Let K = (K,h,v) be a DG-algebra in gr 2 (C). We consider a free algebra K(E) 
over K in gr 2 (C) with a set E — {e^ : i G 1} of free algebra generators with G grQ(F) T "(K(E)) 
for a certain if G T". For each i, if 3(3*) ^ (0,0) choose an element h, G G„ 4 (if(£;)ff(' I! *)+(l.o)) 
and an element v t G Gu^if^) 9 ^ 4 )"^ ' 1 '), where Ui is the first component of Tj = (ui,g(xi)). 
Then, setting ft(ej) := /ij and v(ei) := Vi, we get an extension of the horizontal and the vertical 
derivation h and v of K . This extensions make K(E) a DDG-algebra, if and only if for each i, we 
have 

(1) h(vi) + v(hi) = and 

(2) h(hi) = v{Vi) = 0. 

Proof: Inductively, we can reduce the proof to the case where E consists of a single element e of 
bidegree (p,q). In this case, it is an easy calculation. □ 

Definition 1.4 By a DG-resolution of an algebra B in gr(C), we mean a DG-algebra A in 
gr 2 (C), such that for all i the i-th row is a DG-module resolution of B l . By DDG-resolution of 
a DG-algebra B in gr(A / (), we mean a DDG-algebra A in gr 2 (A / () that is a DG-resolution of B 
such that the map A*' — ► B is a homomorphism of DG- Algebras in gr(C). 

"This means that for homogeneous a, b S A we have v(ab) = v(a) + (— l) a av(b). In the exponent, by a, we mean 
the total degree of a. 
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Now when A — ► B is a homomorphism of DG- Algebras in gr(C), to get a resolvent R of B over A, 
it is enough to construct a DDG- resolution K of B, that is free over A as object of gr 2 (C) . Then we 
can choose R to be the total complex tot(-fT). So the question of the existence of DDG-resolutions 
is quite natural. An answer to this question is given by the following remark: 

Remark 1.12 Suppose that for the pair (C, M) the axioms (N) and (F2) hold. Let K — (K, h, v) 
be a DDG-algebra in gr 2 (C) and u : K*-° — ► A a homomorphism of DG-algebras in gr(C). 

(1) When ^4° is a quotient of a free K 0,0 -algebra, then there exists a free DDG-algebra L — K{F) 
over K, where F is a g-finitc set of generators of bidegree (k, 0); k < 0, and a surjective 
homomorphism L* ° — ► A over K*'°. 

(2) For a fixed p < 0, suppose that we have u p+1 = cokern(v p+1,_1 ). Then there is a free 
DDG- Algebra L = (F U G) over K with finite sets F resp. G of generators of bidegree 
(p, —1) resp. (p + 1, —1), such that we still have u p+1 = cokern(v p+1 ' _1 ) and additionally 
u p = cokern(w p ' _1 ) holds. 

(3) Fix p < and q < -1. Suppose that we have H^ +1 (KP +1 '*) = 0. Then there is a free DDG- 
Algebra L = K(F U G) over K with finite sets F resp. G of generators of bidegree (p, q) 
resp. (p + 1, q), such that we still have Hi+ 1 (KP+ 1 ^) = and additionally Hi +1 (KP>*) = 
holds. 

Proof: (i) is trivial. The proofs of (ii) and (iii) are very similar, so we only do the proof of (iii). We 
choose G such that there is an epimorphism it : ]I g& oK 0,0 g — > Kern(w p+1,9+1 ) n Kem(h p+1 ' q+1 ). 
Set v(g) = n(g) and h(g) = 0. 

We choose F such that there is an epimorphism n' : Hf^pK ' ! — > Kern(w p ' 9+1 ). Set v(f) = 
7r'(/) and choose h(f) in UK°' a g such that we get v(h(f)) = -h(v(f)). □ 



Definition 1.5 For a g-finite free DG-modulc M = ]J ie j Afi in gr(Ai) with differential d (this 
construction can be done more generally in gr(A4)^), we can define the exterior algebra AaM, 
to be the free DDG-algebra A(E) = A(e,), e / in gr 2 (C), where to each we associate a free alge- 
bra generator e, of bidegree (fif(i), —1). We wrote E for the set of all e^. The vertical differential 
of AaM is set to be trivial, and the horizontal differential h is defined as follows: Suppose that 
d(fi) = J2j a ijfj f° r a finite family djj in A. Then set h(ei) := ^ ■ a^ej. 

The total complex of A^M has the structure of a DG-algebra in gr(C) and corresponds to the 
classical definition of an exterior algebra. 

In this situation, let f\ 3 A M be the DG-modulc in gr{M) with {A j A M) n = A(E)^ for all j > 0. 
In particular we have A° A M = A and A\M = M and 

tot(A A M) = ]]_AiM[j}. (1.3) 

1.7 The (cyclic) bar complex 

Let (C, A4) be an admissible pair of categories. Consider a homomorphism k — ► A of DG-objects 
in gr(C). 

By the universal property of fibered products, there are given two maps A — ► A ®^ A; we denote 
them in the sequel by n and t 2 - We denote the multiplication map A ®£ A — > A by /x. It is just 
the uniquely defined homomorphism such that the diagram 
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k >■ A 




commutes. When k — ► A is a homomorphism of DG-algebras and d is the differential of A, then 
R := A ®| r(c) A also is a DG-algebra, whose differential is given bys = d0l + l0d and the 
homomorphisms i\, ii and \x are morphisms of complexes. 

Let M be a DG A-bimodule in gr(.M), which is a symmetrical fc-bimodule. Then we can consider 
M as DG object of gr(A4)(R), where the scalar multiplication RxM — ► M satisfies (a0a ', to) i— > 
(— l) am ar7ia' for homogeneous elements 7 a,a' E A and m G M. To see this we have to apply 
axioms (5. 3), (5. 5) and (5.6). The same axioms must be used to define the mappings in the next 
paragraph. 

We now define the cyclic barcomplex Ct ycl (A, M) = (C, ycl (A, M),b) as well as the (acyclic) 
barcomplex C% ax (A, M) = (C^ aT (A, M),b') of A with values in M as complex of DG-modules in 
gv(M)(A). For n = 0, 1, . . . set C„ ycl (A, M) := M A®" and C£ ar (A, M) := M A® n A. s We 
can define homomorphisms 

di : M A . . . A — > M A . . . 8) A , 

n n— 1 

sending elements ao . . . a n to ao ... a, • Oj+i ... a n (i = 0, n — 1) and a homomorphism 
d n , sending homogeneous elements ao ... a n to (— i) a »( a i+---+ a »-i) ao ■ a„ ai ... a„_i. 
Those homomorphisms are homomorphisms in gr(A / ()(A), when we regard the tensor products 
M®4®... as A- modules by left-multiplication on the first factor. Remark that when M is only a 
A-right module, we consider it as an antisymmetrical A-bimodule by setting to • a := (— l) ma a ■ to. 
Set := d - ... + (-l)™- 1 ^-! and b n := b + (-l) n d n . 

Exactly as in the algebraic case (see 0], chapter III, (2.1)), b and b' define differentials, i.e. b 2 = 
and b' 2 — 0. They are homomorphisms over A. So C^ ycl (A,M) and C^ ar (A, M) are complexes in 
gr(M)(A). Remark that C hax (A : M) is even a complex in gr(A4)(i?), when we define the i?-module 
structure on M A" 8 ™ A by 

(a a') • (to (8) a a n+l ) = (-l) a(a ' +m+a) a'm a a • a n+ i 

for homogeneous elements a, a', a and to. In the sequel we will write C^ ycl (A) for C^ ycl (A, A) and 
C* ar (A) for C* aT (A, A) 

Remark 1.13 In gr(A4)(k) there exist homomorphisms 

h n : A ® c k ... ® c k A — > A 0^ ... 0^ A 

n n+1 

sending elements ai ... a n to 1 ai ... a n . They define a contracting homotopy for the bar 
complex. 



7 In the exponents we write sometimes just a instead of g(a) for homogeneous elements, ab then means g(a) ■ g(b) 
and not g(ab), which is just g(a) + g(b). 

8 Here all tensor products are formed in the category gr(A1)(fc). 
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As consequence we see that the acyclic bar complex C bal (A) complex is acyclic. 

Remark 1.14 The double complex C bar (A), equipped with the ^-product 9 , is a DDG-algebra in 

gr(C) over R :— A ®k A. So its total complex can serve as a DG-resolution of A over R. 

Proof: @], chapter III, theorem (2.2) □ 

Attention: In the analytic case, tot(C bar (j4)) is not a free object in gr(C). 

Now we state two well-known relations between the cyclic and acyclic bar complexes. For this we 
consider R as A-bimodule via a(ai ® a.2) = aa\ ® 02 and {a\ ® 02)0 = a\ ® a-ia. 

Proposition 1.4 

(i) There is an isomorphism C^ ycl (A, R) — > C bar (A) of complexes in gr(A4)(A), which is in 
the n-th component given by 

C c J cl (A,R)^C^(A) 
(a®a')®a^ (-l) Q ( a ' +Q V <g> a ® a 

with a e A® n . 

(ii) There is an isomorphism C. (A, M) — > M ®r C h&r {A) of complexes in gT(M)(A), where the 
differential of the second complex is given by 1 <g> b . In the n-th component it is given by 

C cyc \A, M) — ► M ® R C bar (A) 

In the algebraic Hochschild theory the cyclic bar complex is often called Hochschild chain com- 
plex and the Hochschild cochain complex is defined in the algebraic literature as the complex 
C'(A,M) = (C'(A,M),/3) where C*°(A,M) = M and C n (A,M) = Hom fc (A® n , M) for n = 
1,2,.... The differential (3 is given by: 

P(f)(ai, . . . , a„+i) = ai/(a 2 , . . . , a n+1 ) - f(a\ ■ a 2 , . . . , a n+1 ) + ... 

+(-l) n /(ai, . . . , a„a n+ i) + (-l) n+1 /(ai, ■ ■ • , a n )a n+1 . 



9 For the definition of the *-product see we won't use it here. 
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Proposition 1.5 

(i) When M is an anti-symmetrical A-bimodule, then there is an isomorphism of complexes 

Kom k (A® n ,M) — > Uom A (C c J c \A) 7 M), 

where the differential on the left complex is (3 and the differential on the right complex is 
the one induced by the differential b on C^ ycl (A). 

(ii) There is an isomorphism of complexes 

Uom R (C^ r (A),M) -^Hom k (A® n ,M), 
sending an / : C^ ar — ► M to the mapping a\ ® . . . (g) a n \— > /(l (g> ai ® . . . (g) a„ ® 1). 
1.8 Regular sequences 

In this section we want to define a regular sequence for the graded, anticommutative context. In 
our definition, the question if a sequence is regular won't depend on the order of its elements. For 
this we suppose that the ground ring IK contains the rational numbers. 

Here we work with an admissible pair of categories (C,A4), equipped with a marking 

((F t ) teT , (G u ) U £u), that induces the marking ((gr G (F)) T , eT ,, (gr(G))«'eU') on (gr(C), gr(«M)) and 

the marking ((gr G (^)) T » eT » , {gr 2 ) u „ £U „) on (gr 2 (C), gi 2 (M)). 

Definition 1.6 Let R be an algebra in gr(C). We call a g-finite subset A of R a handy se- 
quence if for each x, there is an u(x) & U such that x G g^(G) ( u (x) ,g(x)) (R) — G U ^ X ){R 9 ^). When 
R = (R, s) is a DG-algebra, then a handy sequence X C is called handy s-sequence if we have 
s(X) C (X). For a handy sequence ICJJ, let E be a set of free algebra generators, containing 
for each x <E X a generator e(x) S gr G (F)( u ( x \ s ( x \ ^(i^-E)) of bidegree (g(x),— 1). Then we 
call the free DG-algebra 10 -R'(X) := in gr 2 (C) over R, where the differential (of bidegree 

(0, —1)) is given by e(x) i— ► x, the Koszul complex of X over _R. 

For practical reasons, when we work with a handy sequence X — {xi : i £ J}, we define an 
ordering on the index set J, subject to the condition g(xi) < g(xj) for i < j. Remark that for a 
handy sequence ICJJ and each subset Y C X, the quotient 11 R/{Y) exists in gr(C). And when 
R is a DG- Algebra (R, s) and X is s-handy, then the quotient Rj (X) is also a DG- Algebra. 

Definition 1.7 (and Theorem) Suppose that QCK. 

Let X C i? be a handy sequence and let J be the ideal (X) C i?. Suppose that for each subset 
y C I, we have n n >iI n R/ (Y) = 0. Then A is called a regular sequence if one of the following 
equivalent conditions holds: 

(i) Let T be a set of free algebra generators that contains for each x S A, an element t(x) with 
g(t(x)) = g(x). Then the map R/I[T] — > gr^R) = R/I © I/I 2 © ... in gr(Q - SUfl)^//, 
sending t(x) to the class of a; in I// 2 is an isomorphism of (differential) graded i?//-algebras. 

(ii) For each x S A and for each ideal J C R that is generated by a subset Y C X with x ^ Y 
we have: If g(x) is even, then x is no zero divisor in Rj J. If g(x) is odd, then the annulator 
of x in R/J is just the ideal, generated by the class of x. 

(iii) The Koszul complex K(X) is a DG-resolution of R/(X) over i?. 

(iv) /£g(I)H 

10 in the sense of definition 11131 

lx By "quotient", we mean the cokernel in gr(A^) of the embedding (X) R. 
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The implication (iii)=^(iv) is trivial. 
Proof of (i)=>(ii) 

For an element r £ R, let n(r) be the greatest n such that r is contained in J™ and let in(r) be 
the element represented by r in j n ( r ) / j n ( r )+ 1 c gr 7 (i?). Then for elements r,r' & R we have 

in(rr') = rr' + i n ( r )+ n ( r ')+\ (1.4) 

Claim: A subset X C i? satisfies condition (ii), if the subset {in(x) : a; e X} C gr 7 (i?) satisfies 
condition (ii). 

Proof of the claim: First step: For x G X, if g(x) is even and in(x) is no zero divisor, then x is no 
zero divisor. If g(x) is odd and the annulator of in(cc) in gr 7 (i?) is the ideal, generated by in(a;), 
then the annulator of x in R is the ideal generated by x. 

The even case follows immediately by l|1.4[) . In the odd case, let r be in the annulator of x, i.e 
rx = 0. Then by 11. 411 . we get in(x) •in(r) = 0. So by the assumption, there is an j/i € R, such that 
in(r) = in(x)-in(yi). This implies that r\ :— r—xyi is in J ra ( r )+ 1 and n(ri) > n(r) + l. Since x 2 = 0, 
we have r\x — rx — 0, and in the same way, we find a yi G R with T2 := r\ — xi/2 G 
Inductively, for each m > n(r), we find y\, yk, such that := r — x(yi + ... + y^) G i™. So r is 
an accumulation point of the ideal (a:) in the I-adic topology of R. But the closure of (x) in this 
topology is just rifc>o((a;) + I k ), which, by the condition n n >i/ ra i?/(F) = 0, is equal to (x). So r 
is an element of (x). The second inclusion is obvious. 

Second step: For x G X, if weather g{x) is even and in(x) is no zero divisor, or g(x) is odd and 
the the annulator of in(a;) in gr 7 (i?) is (in(a;)), then (x) n /™( a: )+™ — xl n for each n > 0. 

One inclusion and the even case are easy to see. Suppose that g{x) is odd and that rx is in j n ( x )+ n . 
We have to find r' G I n such that xr = xr 1 . If r G I™, we are done. Else, we have n(r) < n and 
in(r) • in(a;) = rx + I™(.r)+n(x)+i = q Sq there is a y £ R such that in ( r ) =g . in ( y ) Thig 

means that ri := r — xy is in J n ( r )+ 1 and we have ria; = rx. Inductively, we find an r' :— r n _ n ( r ), 
such that r' G 7™ and r'x = rx. 

As consequence, when we set R := R/(x) and I := I/(x), we get an isomorphism 

gr / ( J R)/(in( a ;))-gr / -(i?). 

We deduce inductively, that for R := R/(xi, x s ) and I := I / (x\, x s ), we get an isomorphism 

gr J (i?)/(in(xi ),..., in(x 8 )) = grj(fl). 

Last step: When g>(a;) is even, we have to show, that x is no zero divisor in R/(x\, ...,x s ). We 
know that in(x) is no zero divisor in gr J (i?)/(in(xi), ...,in(x s )) = grj(R). So by the first step, the 
assumption follows. For the odd case we use the analogue argument. So the claim is proven. 
Now when (i) is true, it is clear that {in(x) : x G X}, which is just the set T, satisfies condition 
(ii) and by the claim, X satisfies condition (ii). 

Proof of (iv)=»(i) 

Without restriction, we can suppose that C is the category of commutative Q-algebras. For each 
j > 0, we have to show that the j-th homogeneous component (R/I[T])j in the T-grading of 
R/I[T] maps isomorphically to P / ' P +1 . 

We will already make use of the implication (ii)=>(iii). Set S := Q[T]. We consider R as ^-algebra 
via the map t{x) i— * x. Obviously T C S satisfies condition (ii), so by (iii), the Koszul complex 
K S (T) is a DG-resolution of Q over S. 
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We consider the exact sequence 

o — ► (ry/(Ty +1 — ► s/(Ty +1 — ► s/{ry — ► o 

of graded S'-modules. (T) J '/(T)- , ' +1 is a free, graded g-finite Q-vectorspace which is a S'-module 
via the canonical map S — > Q. We write Y[ ieJ Q e « f° r it. Now U ie j Ks(T)ei is a free resolution 
of Ujgj Qei over S 1 . So we get 

Torf ((T)V(2?' +1 , J2) - ^(U^T^ ® s #)) = ]J H^KiX)^) = 0. 

By the property of left derived functors, there is an exact sequence 
— >Torf(S/(T) j+1 ,R) — ► Torf (S/(T) j , R) — > 

(ry/(T) j+1 s/(Ty +1 ® s r — > s/(t) j ' ® s a — > o 

By induction on j an the exactness of the first line, we see that Torf (5/(T) J ', R) = for any j > 0. 
The second line gives rise to a short exact sequence 

— > (R/I[T]) 3 — ► R/P — » JZ/.P* +1 — > 0, 

which implies the desired isomorphism. 

Proof of (ii)=^(iii) 

To prove this implication, we only have to show that for p < the p-th. row of the double com- 
plex K(X) is a DG-resolution in M. over R° of the p-th component of R/(X). For this we can 
suppose that X is finite with g(x) > p for all x G X. Say X = {xi, Then we have 
i^(X) = if (x) ® ... ® i^(a; n ). 

Each if(X)( p ' 9 ^ is obviously a finite i?-module, so with corollary 11131 we only have to show that 
K(X)^ P '*' is a resolution of (R/(X)) P in the category of i?-modules. To show this, we proceed by 
induction on m. 

For m=l we write x instead of x\ and e instead of ex. Set m :— g{x). Remark that if m is even, 
then the total degree m — 1 of e is odd, so in this case we have e 2 = 0. If m is odd, then the total 
degree of e is even, so e 2 ^ 0. In the first case K{x) is just the complex 
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s is injective since x\ is no zero divisor in R, so the sequence is exact. 
In the second case K(x) is the complex 
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In i? 4 , for i < m there is no element that annulates x, so up to the row m — 1, the situation is as 
above. In the m-th row the kernel of R m e — > R 2rn is just R°xe, so it coincides with the image of 
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the map R°e 2 — ► R m e. Remark that here-fore we use that 2 is invertible in R. Inductively we 
see that all rows are exact. Here-fore we use that all naturals are invertible. 

Now suppose that the statement is proven for m. We set L := K(xi, x m ) = R(e\, e m ) and 
K := K(X) = K(x\, . . . ,x m+ i). We write x and e instead of x m and e m . K{x) is (as object of 
gr 2 {M){R)) a direct product K © K-\ © K_ 2 © ■ • •, where in the case where x is even, we have 
Kq = R, K\ = R[m, —1] and K s — for s < —1 and in the odd case we have K s — R[sm, — s] for 
all s < 0. The differential in K(x) is given by the maps d q : K P ' q — ► K^^ 1 . Remark that we 
have K™ = R p+qm and d q : R p+qm — > RP+(q+V™ is j ust multiplication by x. Now (K(x) ®L)p>i 
is the class 

[ K o j ®R° hKl © K -i ®R° hKl ©•■■] = 

i+k=p,j+l=q 

[ ^ K l '° ® fl o L k -i © K l l\ X Oijo L k - q+1 © . . .] 

i+j=p 

which is equal to D>« © LP~ m ^ © £j>-2 m , g +2 © ... The differential of K = K(x) ® L is given by 
the scheme 



But now in the even case the class E i+fe=p AT*' s ©^o L fe,9_;s ] is equal to L[sm, — s] p ' q for s = 0, — 1 
and for s < —1. In the odd case the class [J2 i+k=p Kl' s <3ro L k ' q ~ s ] is equal to L[sm, — s] p - q for 
all s < 0. So in the even case, the complex K(X) p -* is the total complex of the double complex 



L P,-2 
6 

-1 . 



L p ' 

6 

L p,0. 



. jj>-m,-2 
8 

. jj>-m,-l 



LP 



-m,0 . 



In the odd case K{X) P '* is the total complex of the double complex 
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The first double complex is a DDG-resolution in gr 2 (A4)(i?°) of the DG-modulc 

(R/( Xl) . . . , x n )f «- (R/(x u x n )f «- «- . . . , 

where the left arrow stands for multiplication by x. But this DG-module is a resolution of 
(R/ (xi, . . . , x n , x)) p over R°, since g(x) is even. So K(X) P '* is a resolution of (R/ (x\, . . . , x n ,x)) p . 
The second double complex is a DDG-resolution in gr 2 (7W)(i?°) of the DG-modulc 

(R/(xi, . . .,x n )) p <— (R/(xx, . . . ,x n )) p <- (R/(xi, . . . 1 x n )) p 

where the arrows stand for multiplication by x. But this DG-module is a resolution of 

(R/(xi, . . . , x n , x)) p over R°, since g(x) is odd. So if (Jf ) p ^* is a resolution of (R/(xi, . . . , x n ,xj) p . 

So for both cases the induction step is done. □ 

Remark 1.15 The assumption Q C K is used only to prove the implications (ii)=>(iii) and 
(iv)=>(i). The assumption that for each subset Y C X we have n n >iI n R/(Y) = is used only 
to prove (i)=>(ii). So if one wants to get rid of it, use condition (ii) for the definition of regular 
sequences. It can be stated in a slightly modified manner, which depends on the order of the 
elements of X, then. 

Definition 1.8 Let R be a DG-algebra in gr(C) A/ '. Let (a, ; ,Ui,9i)ieJ be a family in Af X U' 
and X = {xi : i G J} a family of elements with Xi G G Ui (R%. ) such that for /?,/?' C a the sets 
{pf3a{xi) : oii — 13} and {ppi a [%i) '■ &i — P'} are disjoint. Suppose that 

X a \= Uf3Ca{Pl3a(Xi) ■ «i = 0} 

is a regular (resp. handy) (s Q -)sequence in R a for each a. Then X is called a regular (s- Se- 
quence (resp. handy (s-)sequence) in R. 



Corollary 1.4 When R = (i?, s) is a DG-algebra in gr(C) and X a handy s-sequence in R, then 
K{X) is a DG-algebra in gr 2 (C) jV ' and if X is regular, then K(X) is a DG-resolution of R/(X) 
over R. 

Remarks: When R carries the structure of a DG-algebra (R,s), one would like the Koszul 
complex to carry the structure of a DDG-module. In general this is not the case. 
When X is an s-handy sequence then, since I = (X) is s-stable, the algebra gij(R) has the 
structure of a DG algebra in gr(2l(g), such that each / n /J n + 1 is a DG sub-module of gr 7 (i?). If for 
example R is already a free DG-algebra in gr(Q — 2Ug) with a set X of free algebra generators, i.e. 
R = R/I[X], then the differential of gr 7 (i?) = R differs in general from the differential s. In this 
way we get a modified differential s on R. In a similar way we get a modified differential, when 
R is a free DG-algebra in gr(C), for any good pair of categories (C, M). This will play a role in 
section |21 In geometric language, going over from s to s is a deformation to the normal cone. 

1.9 The universal module of differentials 

Let k — > A be a morphism in gr(C). Set R := A ®^ A and denote the kernel of the multiplica- 
tion map R — ► A in the category gr(M)(R) by I. In this subsection we use some notations of 
subsection II .71 

Attention: In general A is the cokernel of the inclusion I R only in the category R-VJlod. 

Remark 1.16 Suppose that (C,A4) satisfies (SI), all A % are finite A°-modules and / is a g-finite 
i?-module, Then we have A = R/I :— Cokern(J R). Here, of course, we mean the categorical 
cokernel. 
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In (6.12) the universal module Sl^/fc of fc-differentials is defined as the cokernel in 
gr(M)(A) of the map b 2 : A® k A® k A — ► A®*,^, sending a<g>&(g)eto a6® c-a(g)6c+ (-l) bc ac® 6 
for homogeneous elements a,b,c 6 A. 

Here we consider all tensor powers as A-modules with respect to the first factor. Now when 
(C,M) is (C(°),M(°)) or (C^M^), there is a well-known canonical isomorphism £lj\/k — I/I 
of DG- modules in gi(M)(A). Here we want to show that under some weak assumptions this is 
true in good pairs of categories. So suppose that the pair (C,M) is good. For technical reasons, 
we also have to assume, that the marking G is trivial. This is the case in all examples, when A4 
is non-graded. First of all, we have to ask if we can consider the .ft/7-module 7/7 2 as object of 
gr(M)(A). 

Remark 1.17 Let B = (R,s) be a DG-object in gr(C) such that all R l are finite 7£°-modules. 
Consider an ideal ICR which is generated by a handy s-sequence X — {xj : j G J} in R. 
Then 7 is a DG-object of gr(M)(R) and 7/7 2 is isomorphic as i?/7-module to a DG-object of 
gv(M)(R/I). 

Proof: For each x € X we choose a free module generator e(x) with g(e(x)) — g(x) and we see 
that 7 is the image 12 of the map from the free module U^g^ Re(x) to R, defined by e(x) i— > x. 
So 7 is already an object of gr(A4)(R). But since 7 is s-stable by assumption, 7 is a DG-modulc. 
For each pair i,j in J with i < j we choose a free module generator with g(eij) = g(xi) + g(xj). 
We get a homomorphism Yli<j Re-ij — > R of modules in gr(7W)(i?) by sending to the product 
X{Xj. This homomorphism factorises through 7, so there is a homomorphism 7r : JJ^j R&ij — ► 7 
and there is an isomorphism of i?-modules Cokern7r = I/I 2 . It it easy to see, that the differential 
s induces a differential on Cokern7r, that makes it a DG- module in gr(7W)(i?). 
Now I /I 2 is also an i?/7-module and in R/I — SDToD the objects Cokern7r and Cokern n ®|j ^ 77/7 
are isomorphic. And the latter is an object of gr(.M)(i?/7). □ 

In the sequel, by I /I 2 in fact we mean Cokern ir ®^ M ^ R/I. 



Proposition 1.6 Let k — ► A be a homomorphism of DG-objects in gr(C). Suppose that all A 1 
are finite A°-modules and that I := Kern(/i : A ®£ A — ► A) is generated by an s-handy sequence 
X m. R :— A ®k A — > A. Here s denotes the differential of R, induced by the differential of A. 
Then by a i— > [a] we get an isomorphism I/I 2 — > &A/k m g r (-M)(-R)i whose inverse is given by 
[a] h- > a — Lin(a). Here a denotes the class in I/I 2 represented by a and [a] denotes the class in 
^A/k represented by a. 

Proof: First we have to show that the map I /I 2 — > ^A/fei ® l— * H i s wen defined. 
There is a homomorphism r\ : I ®ji I — > 7 in gr(A^)(i?) with a ® 6 <— * ab. Consider the homo- 
morphism £ : 7 — > O^/fe, a i ► [a]. For the well-definedness it is enough to prove that £ o r\ = 0. 
Since the barcomplex C^ ar (A/fc) is acyclic, we see that b' gives rise to an epimorphism A® 3 — ► 7. 
Hence it is enough to show that the map 

A® 6 — > 

a®b®c®d<S)e®ft-^ [(ab ® c — a ® 6c) (de <8> / — d <g> e/)] 

12 We remind that by image we mean the kernel of the cokernel map. 
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is zero. But the argument in the brace on the right hand-side is just the image of 



(~l) cd+ce+db adbe(cf ®1®1-I®c®/)- 
{-l) bd+cd adb(cef <81®1-I<8e<8 e/)- 
{-l) bd+be+cd+ce ade(bcf <g> 1 ® 1 - 1 <8 be ® /)+ 
(-l) 6d+cd ad(6ce/ ® 1 (g> 1 - 1 <g> 6c <g> e/) 



by the map &2- 

Secondly we have to show that the map fi.A/fc 
there is a derivation 



I// 2 , [a] 1— > a — si/i(a) is well defined. But 



6 : A — ► I/I 2 

flH>l0a-o®l 

So by the universal property of ^A/fc> see the proof of 0] lemma (6.13), there is a map f^/fc — * 
I /I 2 sending a class [a <g> b] to ad(b) = a ■ 1 <E> b — b ® 1 and we see that this map is just the map 
we want. 

To see that the both given maps are inverse to each other, we remark that elements of the form 
a ® 1 in A ® A are in the image of 62, so they represent the zero class. □ 

I/I 2 has the structure of an A-module in gi(Ai)(A). The multiplication A x I/I 2 — > I/I 2 is 
inherited by the multiplication a ■ a = L\{a) ■ a on A ® A. But on A (g) A there is also a left 
multiplication a ■ a := a • /-2(a)- Remark that the left- and right multiplication induced on I/I 2 
make I/I 2 an antisymmetrical A-bimodule. 

Now, let R — (R, s) be a DG-object of gr(C) and suppose that all R 1 are finite i?°-modules. Let 
I C R be an ideal which is generated by a regular s-sequence X C R. Say X = {xi : i 6 J}, s 
defines a differential (5 on R/I, that we denote again by s. Consider the free module Yiiej R/I e i> 
where the ej are free module generators of degree g(xi). 

Remark 1.18 We can make ]J igJ R/ lei a DG-module, by defining a differential t in the following 
sense: For i £ J, there is a finite family of elements xij G X and a^- G i? such that s(xj) = 
53j a ij x ij- Now we set <5(a) := s(o) for elements a G R/I and 5(ej) := ^ . Sijey. 
Proof: To show that this defines a differential on U i6 j -R/-7ei, we only have to show, that 
<5 2 (ei) = for z G J. But since s is a differential on R, we have 

= s 2 (x l ) = s(>^a,ijXj) = J^(-l) aiJ aija jk x k + } j s(a i j)xj. 
i j,k j 

We can reorganize the coefficients and get a sum Y^k=i bkXi k = where the Xi k are pairwise 
different. Remark that X^feLi ^fc e «fc = is just 8 2 {ei). To show that this sum is zero, we have to 
show that each bk belongs to i\ But assume that one say b m does not belong to /, then b m is 
a nonzero annulator of x rn in R/(x\, . . . ,x m -i) and it doesn't belong to Rx m . This contradicts 
the hypothesis that X is regular. □ 

In the algebraic case, the following proposition is an immediate consequence of condition (i) in 
definition and theorem 11171 

Proposition 1.7 In this situation, the assignment 

JJ R/Ie(x) — ► 1 1 1 2 , e(x) ^ x 
xex 

gives rise to an isomorphism of DG-objects in gr(M)(R/I). 
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Proof: It is clear that the map commutes with the differentials. 

Obviously the map is well defined and surjective. With axiom (S2), we only have to show that 
the map is injective. So let YlTLi e i^i De an element of the kernel of this map. Then we have 
^TiiXl — 0, i.e. J2 a i x i S I 2 - We must show that all are elements of /. Let Y be a finite 
subset of X such that aiXi is a sum J2 y y 'gy a {yy')w' with a(yy') £ R. Now as in the well- 
known nongraded case, when we assume that one a,, say a m is not in /, we can deduce that a m is a 
zero divisor in R/ J, where J C R is the ideal generated by Y\x m . This leads to a contradiction! □ 

The condition on A in the following corollary is something like a smoothness condition. 

Corollary 1.5 Suppose that all Ai are finite A -modules. If the kernel of the multiplication map 
R := A<S>k A — ► A is generated by a regular s-sequence X in R then there is a natural isomorphism 
of DG-modules in gr(M)(A) 

n A/k — > ]J Ae(x). 

Here X denotes the regular s-sequence in R and to x £ X we have associated a free module gener- 
ator e(x) with g{e{x)) = g(x). The differential on the left is given by the rule e(x) <— ► ^2<i y e(x y ), 
where for x £ X the family a y is chosen in a way, such that s(x) = ^ a y y and a denotes the 
residue class in R/(X) = A of an element a £ R. 

From this statement, we can deduce the corresponding simplicial statement: 

Proposition 1.8 Suppose that A is a DG-algebra in gr(C)^ over k and set R := A ®^ A. Denote 
the differential on R, induced by the differential of A by s. Suppose that the kernel of the map 
R — > A is generated by a regular s-sequence X in R in the sense that for each a £ J\f, the kernel 
of R a — ► A a is generated by X a := Up(z a {pf3a(xi) : cti = /?}• Then there is an isomorphism in 
the category of DG-modules in gr(M) J ^ 

M A /k — > U Ae(x). 

2 Hochschild complexes and Hochschild cohomology 
2.1 The algebraic context 

In this subsection we want to generalize the algebraic definition of Hochschild complexes in such 
a way that it is also useful in analytical contexts. Here let C be the category of commutative rings 
and M. the category of modules over objects of C. 

Let k — ► a be a homomorphism in C. Let A be a resolvent of a over k. Set R := A <g>fc A. As in 
subsection II .71 we denote the cyclic bar complex and the bar complex of a DG-algebra over k by 
C* cycl ( ) and C bar ( ). 

The double complex C cyc \A) is a DDG-resolution of C cycl (a). Hence the free i?-algebratot(C cycl (A)) 
is quasi-isomorphic over R to C cycl (a). Since C har (A)®KA = C cycl (yl), there are quasi-isomorphisms: 

C cyc \a) ps tot(C cycl (A)) ns tot(C* bal '(A)) ® fl a. 

Now since in the algebraic case, tot(C bar (j4)) is a resolvent of A over R, and two such resolvents 
are homotopy-equivalent, we get the following result: 

Proposition 2.1 Let S be a g-finite resolvent of A over R. Then there is a quasi-isomorphism 

S ®r a — ► C cycl (a) 

over a. 



2G 



Remember that on the right hand-side we have the classical Hochschild complex. This shall justify 
the definition in the next subsection. Remark that proposition 121 II keeps true in the simplicial 
context. 

2.2 The noetherian context 

Fix a good pair of categories (C,M) with marking (F,G), where G is the trivial marking of M. 
Suppose that the axioms (N) and (F2) are satisfied. 

Let k — ► a be a finite morphism of A/"-objects in C, i.e. a is a quotient of a free /c-algebra b in C N , 
such that for each a G Af the algebra a a is a a free finite fc Q -algebra. Then, with [3], proposition 
(8.8), there exists a g-finite resolvent of a over k. Fix such a resolvent A. Set R := A ®| I( " C ' ) A 
and consider A as algebra over R by the multiplication map fi : R — ► A. Let S be a free g-finite 
resolvent 13 of A over R. 

Definition 2.1 We define the simplicial Hochschild complex H»(a/fc) of a over k to be the 
object represented by the complex S (3r a in the homotopy category K~(M^(a)). 

Proposition 2.2 H»(a/fe) is a well defined object in K~ (M^ '(a)). 

Proof: For i = 1,2 let Ai be a g-finite resolvent of a over k, Ri := Ai <E>k A{ and let Si be 
a g-finite resolvent of Ai over We have to show the existence of a homotopy equivalence 
Si a ~ Sg ®i? 2 a over a. 

First remark that R4 is a g-finite resolvent of a <E>k 0, over k. Hence by proposition 11121 there is 
a homomorphism R\ — ► R2 in gr(C)^ which is a homotopy equivalence over k. Hence we get a 
quasi-isomorphism 

Si = S! ® Rl Ri — > Si ® Rl R 2 

over Ri. S[ := S\ ® Rl R2 is a free algebra over i? 2 and as S2 it is a resolution of a over i? 2 - Hence 
by proposition 11121 there is a homomorphism S[ — ► S2 in gr(C) , which is a homotopy equiva- 
lence over i?2- We can tensorise both sides over R2 with a and still get a homotopy equivalence 
Si ®R t a — > S 2 ®r 2 a. □ 

We consider a as object oigx{M) M {A) via the surjection a : A — ► a. In this sense the Hochschild 
complex can be seen as DG-module over A in gr(A^) Af . 

Remark 2.1 The map a : S ® R A — > S ® R a induced by a is a quasi-isomorphism over A. 

Definition 2.2 Let M be an object of over a. We define the Hochschild cochain complex 

of a over k with values in M to be the complex 

Homf (H*(a/fc),M), 

with the differential induced by the differential of H»(a/fc). We define the Hochschild cohomol- 

ogy HH(a/fc, M) of a over k with values in M to be the cohomology of the Hochschild cochain 
complex. 

Proposition 2.3 The Hochschild cochain complex is well defined up to homotopy equivalence. 
Proof: This is a consequence of proposition 12121 and 0], chapter I, lemma (3.7). □ 

Lemme 2.1 The Hochschild cohomology of a over k with values in M is equal to the cohomology 
of the complex Honr^S 1 (§5^ A, M), where M is considered as object over A via the map A — ► a. 

13 Again with loc. cit., such a resolvent exists. We can even construct it in such a way that S° = R° . 
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Proof: With ^ lemma 6.4, we have 

Hom (a ® R S, M) = Horn^S, M) = Uom A (A (g> R S, M). 



(2.5) 
□ 



3 A decomposition theorem for Hochschild cohomology 

Let A = k(T) be a g-finite free DG-object of gr(C) over k, with differential d. We think of A as 
the resolvent of a fc-algebra a in gr(C). Further we consider the free algebra R :~ A^>k A in gr(C)fc 
with its differential s = d<S>l + l<8>ei. Then the multiplication map /i : i? — ► A is a homomorphism 
of DG-objects in gr(C). 

For the construction of the Hochschild complexes of a over k, we are interested in resolvents S of 
A as DG-object in gr(C)(R). 

First, we will not construct such an S but something very similar. For this we modify the differen- 
tial s on R as sketched in subsection ll.81 which geometrically corresponds to a deformation to the 
normal cone. We call the modified differential s. This modification doesn't touch the structure of 
A as DG-algebra over R, since s(r) — s(r) will be in the kernel of \i for each r £ R. 
Then we construct a resolvent S of A over R := (R, s) with the help of a Koszul complex. As we 
will see in subsection 13.21 this is enough for the construction of the Hochschild complex. 

If B is an object of gr(C) and R := B(T) is a free algebra over B in gr(C) with a g-finite set T 
of free generators t with t £ F T (t)(R 9 ^)- Then R ®b R is a free algebra over B with two free 
algebra generators t\ — t <£> 1 and t% = 1 ® £ for each i £ T. For f 6 T set i + := i(ti + £2) and 
i - := i(ti - t 2 ). Let T+ be the set of all i+ and T~ be the set of all t~ . 

We say that the marking F on C is balanced if for each r 6 T and each A in C and each (Gf r (A) 
we have — t e i<V(A). We say that the marking F is convex if for each r G T, each A in C, each 
ti, *2 S F T (A) and each o,ieI with a + b = 1 we have aii + 6^2 £ -Ft(A)- 

Remark 3.1 Suppose that the marking gr G (F) on gr(C) is balanced and convex, then we have 
R <3b R — B(T + U T~). More precisely this means that there is a free algebra over B and an 
isomorphism from this free algebra in R ®b R, sending the free generators on the elements t + and 
t~. 

Example 3.1 

(i) The trivial marking on C is balanced and convex, so when C is the category of (noethe- 
rian) rings and A4 is the category JV[^ of modules over C^°\ then remark I5TT1 is true. 

(ii) When C is the category of (local) analytic algebras and M. the category yV(W of DFN- 
modules over then the marking F on C (see example I1I2|I is balanced and convex. 

Proof: The first example is trivial. For the second example, we show that if a free generator 
t is in F T (R), then T + and t~ are in F T (R ®b R)' Here r stands for a positive real number 
and F T (R) is the set of all r £ R, such that for each character £ £ <%"(-R), we have |£(r)| < r. 
Now £i = = t ® 1 and £2 = ^(t) — 1 ® t belong to F T (R ®b R), so for each character 

£ £ AXi?® B B), we have < r and |£(t 2 )| < r. Hence |£(t+)| = \^(h) + £(i 2 ))| < r and 

|£(t _ )| = |^(£(^i) — C (*2 ) ) I < 7". The case of local analytic algebras is clear, since maximal ideals 
are additively closed. □ 
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3.1 Deformation to the normal cone 



For the rest of this section suppose that the marking F on C is balanced and convex and that the 
marking G on M. is trivial. Further suppose that (N) and (F2) are satisfied. 
Then we have R = k(T + U T~). Since T~ is s-stable and g-finite, it is a regular s-sequence. 
(In the algebraic case we have R — gr^ T -^(R), so as we have already mentioned in section IT~Hl 
there is a deformation s of s, that respects the submodulcs (T~y /(T~Y + , This is what we 
mean by "deformation to the normal cone" . Here we do a similar construction for the general 
case.) Each element r of R has a unique decomposition r — f + r + f with f £ R :— k(T + ), 
r G R := Eter- tk(T+) and r E R := J2t,t'eT- tt'k(T+). Now we define a ^-derivation s 
on R setting s(t) := (s(t)) v for t G T+ and s{t) := (s(i))' for t G T~. The philosophy of this 
modification is that roughly speaking s preserves the T _ -degree of homogeneous elements in R. 
More precisely we have s(R) C R, s(R) C R and s(R) C R in contrast to s(i?) C RU R and 
s(i?) C fi. 

Proposition 3.1 s is a differential, i.e. s 2 = 0. 
Proof: First remark that for a € k(T + ) we have 

{ S {a)Y = S(a). 

To prove this we can suppose that a is of the form a$ti ■ . . . ■ t n with ao G k(T +, °) and G T +:<0 . 
In this case it is easy to see. 

Now suppose that t is in T + . Then s(t) = s(t) + rest, where rest is in RUR. So s 2 (t) = s 2 (t) +rest' 
where rest' is in R II R. Since s 2 (t) is in R and s 2 (t) = 0, we get s 2 (t) — 0. Similarly, we see that 
s 2 (t) = for t G T~, which proves the proposition. □ 

We write X for the regular s-sequence T~. Next we will see that for R = (R,s), the Koszul 
complex (K(X), v) has the structure (K(X), h, v) of a DDG-algebra, so its total complex is a res- 
olution of A = R/(X) over R: Again we denote by E the set of free algebra generators, containing 
for each Xi G X an element of bidegree (g(xi), —1). Here s(xi) is a sum of the form ^ <2j£j) 
where no aj belongs to the ideal (X). So in fact all a,j belong to B — k(T + ). Now there is exactly 
one choice for the element hi, which shall be the image of by the horizontal differential h of 
R(E). The choice is hi = J2 a j e j- Now we have = s 2 (xi) = s(J2 a j x j) — J2j k a j a jk x jk and 
the coefficients cijCLjk belong to k(T + ). So we have h 2 (ei) = h(J2 a j e j) = J2j k a j a jk e jk = 0. I.e. 
the hypothesis of remark Till II is satisfied. So the Koszul complex (K(X),v), equipped with the 
horizontal differential h, is a DDG-resolution in gr 2 (C) of A = R/{X) over R = (R,s). And the 
total complex S of K{X) is a free algebra resolution of A over R. 

The reason for this construction is that there is a nice description of the tensor product 
S® k A = tot{K{X)) ®xA = tot{K{X) ® k A). 

Namely: 

Remark 3.2 The double complex K(X) <g>£ A is just A^fi^/fc- 

Proof: This follows imidiately by proposition 11181 and definition 11151 □ 

The going over from s to s is natural, i.e. when (i?, s) = (r Q , s a ) a< =^f is a DG-algebra in g^C)^, 
then R :— (R a , s a ) a £^f is again a DG-algebra in gr(C)^ and remark r3l2l keeps true in the simplicial 
case. 

3.2 Construction of the resolution S 

To get a resolution S of A over R, which is good for our purpose, we have to work harder. The 
strategy is to construct again a DDG-resolution K in gr 2 (C)^, that is free over the double graded 
object K(X) and such that the projection K — > K{X) is a morphism of DG- objects (of course it 
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will not be a morphism of DDG-objects) and such that the induced map K ®r A — ► K(X) Cg)^ A 
is a morphism of DDG-objects in gr 2 (C) A/ ^, that induces an isomorphism on vertical homology. 
When we have managed to realize this, with S := tot(if) we get a resolution of A over R and a 
quasi-isomorphism 

S® R A — >S® k A (3.6) 

over A. Since both complexes are free objects over A, the quasi-isomorphism is even a homotopy- 
equivalence. 

First we explain heuristically the construction of K: We take the Koszul-complex K(X) with 
its vertical differential v. The problem is to define a horizontal differential h on it, since here in 
general there are no good candidates for the values h(e) of h on the free generators e S E. When 
we have s{x) = a xyU, to get commutative diagrams, h(e(x)) must be something like a xye(y). 
The problem is that h(%2 a xy e(y)) won't be zero. So, inductively, for e we add free algebra- gen- 
erators / of bidegree (g(x) + 1 , — f ) with v(f) — 0, in such a way that we can find candidates for 
h(e) in K(X) 9 ^ +1 - 1 +J2R°f- When this is done for all e G E, we get a DDG-structure on 
the extension K(X)(F) = R(E U F). Now this extension is not any more a resolution. To get a 
resolution again, we apply the construction of remark ff If 21 

Now we begin with the construction of K. First we place ourselves in the affine situation. 
For each x S X we fix a finite family a xy \ y £ Y C X such that s(x) = ^ o-xyV- 
Set K(X) := R(E) as double graded algebra. 

Proposition 3.2 There is a g-finite family F — U p <qF p of free algebra generators with g{f) = 
(p, -f ) for F e F p and a DDG-algebra structure (L, h, v) on L := R(E U F) such that 

(i) v(e(x)) — x 

(ii) «(/) = 

(iii) is in the ideal (X U F), generated by X and F. 

(iv) /i(e(x)) = J] a a xy e(y) + j(x) with a j(x) e (F). 

Proof: We construct a sequence Lk = (£fe, /ife, Ufe) of free DDG-algebras over i? as well as a family 
{7(x) : x £ X A .g(a;) > k — 1 } with j(x) G L fc ' _1 for x G X fc_1 such that the following conditions 
hold: 

(a) L = R{E°). 

(b) Lk-i = Lk{E k ^ 1 U F k ~ 1 ) is a free DDG-algebra over Lk, where F k ~ 1 is a finite set of 
algebra generators of bidegree (k — 1 , — f) and we have the rules Vk-i(e(x)) — x (as in the 
Koszul-construction) and Vk-i{f) = 0. 

(c) hk-i maps the submodule Uj gF fc-ii? / of -L^~J' _1 surjectively onto Kern(/i^' _1 )nKern(v^' _1 ) C 

T k,-1 
L k ■ 

(d) For alH > k — 1 the sequence L % uZ\ — > R l — > A 1 in Ai(R°) is exact. 

(e) For x G X^ 1 we have -y(x) G U feF kR°f and h^ 1 (j(x)) = h^ 1 {J2 y a x y e(y)) 

For Lq = R(E°) we have already seen that by setting v(e(x)) :— x we get an exact sequence 
Lq' _1 — > i?° — > A . Now suppose that Lk and {7(2;) : g(x) > k} is already constructed. We 
choose finitely many free algebra generators / of bidegree (k — 1,-1) such that there exists an 
epimorphism 

7T : ILR / > Kern(/i^ 1 ) n Kern^' -1 ) C(IU F). 

To explain the inclusion: The vertical differential on the subalgebra K{X) is exact. So a homoge- 
neous element of K(X)(F), which is in the kernel of v, is a sum of an element in the image of v 
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and an element in the ideal (F). 

We set hk-i(f) := tt(/) and Vk-i{f) := 0. For x £ X k ~ x , to see that there exists a good 
candidate for 7(2:), we must show that hk(%2 a xy e(y)) belongs to Kern^^' -1 ) H Kern(w'' _1 ). 
But we have ^EjO^efi/)) = J2 y s ( a xy)e(y) + J2 y a x y [J2 z a yz e i z ) ~ l(y)} = (J2 y s ( a xy) e (v) + 
Y] z a xy a yz e(z)) — ^ a xy j(y). The first term maps vertically to s 2 (x) which is zero, the second 
factor maps obviously vertically to zero. 

At least we can set /i fc lj' ~ 1 (e(x)) :— ^a xy e{y) — 7(2;) and v^T 1 ' -1 (e(x)) :— x. This gives the 
desired Lk-\. Then we set L :— limLfc. □ 

Properties of L: 

(i) L°>* = K(X)°'*, hence this is a resolution of A over R°. 

(ii) L°<p = RP for all p < 0. 

(iii) The sequence L~ 1,p — > L°' p — > A p — > is exact for all p < 0. 

(iv) The inclusion K(X) L and the projection L — > K(X) are homomorphisms of DG- 
algebras over (R, 0), so in the category of DG-modules in gr(A^) there is a decomposition 
L = K(X) ML'. The (vertical) homology of L is contained in L' . 

Proposition 3.3 There is a g- finite family G = *J p < = . q <-2G p,q of free algebra generators with 
9(9) = (-Pi 9) f° r 9 £ G p,q and extensions of h and d on Jf := L(G), such that 

(i) The i-th row of K is a i?°-module resolution of A 1 . 

(ii) D(,)e(FuG) 

(iii) h(g) e (G) 

Proof: We can construct the free DDG-resolution K of A over R with the method of rcmark Hll2l 
□ 

Comparing the values of h on the free generators e with its values by the differential h of the 
Koszul-complex over R with the modified differential, we see that h(e) — h(e) G ^R°9 + J2 X £X x ^ ■ 

Consequence: Consider the projection ir : K = R(E UFUG) — > R(E) = K(X) (a priori only 
as map of algebras in gr 2 (C)). With proposition 13121 and proposition 13131 (ii) . we see that 7r 
respects the vertical differential. By the construction of s and proposition 13121 (iv), we see that 

7T ® 1 : K ® R A — > K(X) ® k A 

is a homomorphism of DDG-algebras in gr 2 (C) over A. 

Now we can prove the (affine case of the) crucial result of this chapter. It says that to construct 
the Hochschild complex it is enough to work with a resolvent of A over R. 

Theorem 3.1 With S :— tot(K ) and S := tot(if (X)), there is a homotopy- equivalence 

S<8> R A — > S ® jj A 

over A. 

Proof: First we have seen that the projection it : K — > K(X) is a homomorphism of DG- 
Algebras in gr 2 (C) over (R, 0). Since both double complexes are free resolutions, for each p the 
restriction K P: * — > K(X) P: * is a homotopy equivalence over R°. So we see that there is a well 
defined map of DG-algebras tt ® 1 : K ®r A — > K(X) ® R A, which is by the properties (c) 
and (d) even a homomorphism of DDG-algebras. Further we see that for each p the restriction 



31 



(K ®r A) p '* — ► (K{X) ®^ A) p -* is a homotopy equivalence. Hence n ® 1 induces a quasi- 
isomorphism 

S®iiA = tot (if) A = tot(if ®_r A) — ► 
tot(if (X) ®^ A) = tot(if (X)) ® R A = S (g> R A. 

But a quasi-isomorphism of free algebras is already a homotopy-equivalence. □ 

Again, we have to explain that the same construction also works in the simplicial case: So suppose 
that k is an object of gr(C) A ^ and A is a free algebra over k in gr(C) A/ '. Say A — k(T), where each 
t G T is associated to a pair (at,T t ,<? t ) G AA x T x Z<o- Now T + and X := T~ are sets of free 
generators in the simplicial sense. Write X = {xi : i G 1} and (cti,Ti,gi) for the triple associated 
to Xi . For a G Af set 

A Q := {p QQl (a; 4 ) : a* C a}. 

In the sequel we will simply write xi for the element p aai {xi) of i? Q . Let _E = {e^ : i G i} be a 
family of free algebra generators containing for each Xi G X an e, of degree (g(x), —1), belonging to 
the simplex a,. We form the free algebra if (A) = in gr 2 (C) A/ '. Set S Q : {pa ai (ei) '■ oti C a}. 

Then we have if = R a {E a ). For each a; = Xi in A we fix a family a^, with Y C A" ai 

and Oa;y G i? Qi , such that s Q (a;) = ^ydxyTJ- 

Proposition 3.4 There is a g-fmite family i 1 = {fj : j G J} of free algebra generators, where fj 
belongs to ctj and is of bidegree (gj, —1) and a DDG-algebra structure (L, h, v) on L — R(E U F) 
over i?, such that for all a and all x G A a and all / G F a := {fj : aij C a} the following conditions 
hold: 

(i) v a (e(x)) = x 

(ii) v a (f) = 

(hi) h a {f) G (JCaUJ'a) 

(iv) h a (e(x)) = J2 y a xy e{y) + j(x) for a 7(3;) in (F a ). 

Proof: We reduce the proposition by induction on the following statement: Suppose that there 
is a family F^ and a DDG-algebra structure on (i?(£ , ) Q )| Q |< n (i 1 ^™^), such that the conditions 
(i)-(iv) hold for all a G Af (n) . Then there is a family F^ n+1 ^ and a DDG-algebra structure on 
(i?(£;) Q )| Q |< Ii+1 (F(" +1 )) such that the conditions (i)-(iv) hold for all a G M (n+1) . The case n = 
as well as the induction step can be done easily as in the affine case. □ 



Proposition 3.5 There is a g-fmite family G = {gj : j G J} o of free algebra generators, where 
gj belongs to ctj and is of bidegree gj and a DDG-algebra structure on K = L(G) over L, such 
that for all a G M and all x G X a and all g G G a the following conditions hold: 

(i) v a {g) G (G a UF a ) 

(ii) Ms) e (G Q ). 

Proof: With the same method as above, we reduce the statement to the affine case. □ 
Now we see that theorem 131 1 1 holds as well in the simplicial context. 

3.3 A HKR-type theorem 

When we now resume what we know about the resolution K(X) ®ftA, we get the following result. 
It generalizes in a sense the classical Hochschild-Kostant-Rosenberg theorem. We use the same 
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assumptions as in the last subsection. 



Theorem 3.2 Consider a homomorphism k — ► a in C . Suppose that Q C a. Let A be a 
resolvent of a in gr(C) J ^(k). Then there is a quasi-isomorphism 

tot(/\.Q, A/k ) — > M(a/k) 

of DG-algebras in gr(C) A ^ over A and a quasi-isomorphism 

tot(AL o/fc ) — >U(a/k) 

in gr(C)-^ over a. 

Corollary 3.1 When a is already free over k (in this case there is no need to assume that Q C a) 
and A — a, then Q a /k is an object ofC^f and we get isomorphisms 

A n a fl a/k = H n (M(a/k)) 

Dually, with T A / k := H.ova A (Q A / k , A) we get 

H n (Rom a (M(a/k),a)) Si A n T a/k . 

Proof: The first statement follows directly from the theorem. For the second statement, remark 
that in the case, where A = a, we have a quasi-isomorphism of free DG-algebras in gr(C)^ over 
A: 

A™n a/k — > m(a/k), 

where the differential on the left side is trivial. With proposition 1 1121 it is even a homotopy 
equivalence. So with 0] lemma (3.7), the dual homomorphism 

Hom a (H(a/fc),fl) — > Rom a (A a tt a/kl a) = A'T a/k 

is also a homotopy equivalence, which proves the statement. □ 

3.4 The decomposition theorem 

Theorem 3.3 We have the following decomposition of Hochschild cohomology: 

EB n {a/k,M) = ]J H l {Kom A (A } A Sl A/k ,M)) 

%— j—n 

Proof: 

HH n (a/fc, M) = H n (Rom a (U(a/k), M )) =H n (Rom A {S ® R A, M)) = 

H n (Rom A (tot(K(X) ® A A),M)) =H n (Hom A (tot(A'fl A / k ),M)) = 

H n (Rom A (]l A A n A/k {j],M)) =H n ([[Rom A (A A n A/k {j}, M)) = 

j>o j 

l[H n +i(Hom A (A j n A ,M))= ]J W (Rom A (A A fl A / k , M)). 

j>0 i-j—n 

The first equality holds by definition. The second one follows by equation 12.51 The third one 
follows by the simplicial version of theorem 13111 The fourth equality holds by remark I3T21 The 
fifth follows by equation II. 31 The other equalities are elementary. □ 
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4 Application to complex spaces and noetherian schemes 



In this section, all schemes and complex spaces are supposed to be paracompact and separated. 
For details on many of the constructions we refer to [H] and 

First we will sketch the correlation between the the theory of coherent sheaves on schemes or 
complex spaces and the theory of TV-objects in good pairs of categories. The main tools that we 
need here are: 

(1) Instead of considering a space X, we consider the simplicial scheme, associated to an affine 
covering of X. By an affine subspace, we mean an open affine subscheme in the case of 
schemes and a Stein compact in the case of complex spaces. There are functors that make 
simplicial modules out of sheaves of modules and functors that do the inverse. 

(2) For affine subsets U C X we use the equivalence of categories, of coherent ©[/-modules and 
finite modules over the ring T(U, Ox)- (Remember that T(U, Ox) is noetherian, when X is 
an analytic space.) This equivalence is given by Cartans theorem A in the analytic case and 
by |H1 chapter 2, exc. 2.4 in the algebraic case. 

Now, more generally, let X be a ringed space and (Xj)i 6 j a covering of X. The Nerf Af of this 
covering is the set of all subsets a C I, such that Pi^aXi ^ 0. M is a simplicial scheme in the sense 
of subsection ll.4l Further there is a contravariant functor from TV in the category of ringed spaces, 
mapping an object a to the object X a := C]i^ a Xi. For a C (3 denote the inclusion Xp — ► X a 
by p a g- Such a functor is called simplicial scheme of ringed spaces. Let X* = (X Q ) a& v be 
a simplicial scheme of ringed spaces. Now we define the category of Ox, -modules. Its objects are 
the families = {J- a )aeN with T a in Aiod(X a ) together with compatible maps p* a pJ- a — ► Fp- 
For Ox»-modules T, Q, we set Homj, (JF, 5) to be the set of families f a : T a — > Q a , that are 
compatible. We denote this category by Mod(X^). The full subcategory of those J-",, where each 
T a is coherent is denoted by Coh(X^). 



Definition 4.1 Let A and B be simplicial schemes over the index sets Aq and Bq. Suppose 
that X* — (X a ) ae A and Y~* = (Yp)p e B are simplicial schemes of ringed spaces. A morphism 
/ : X* — ► Y* consists of a mapping r : Aq — ► Bq, such that for a G A we get r(a) G B, and a 
family of compatible maps f a : X a — ► Y T r a y 

As in [7|, we can form the adjoint functors 

/* \Modiy*) — ► Mod{X*) and 
/* :Mod{X*) — ► Mod{Y*). 

For T in ModiY*) and a £ A, we have (f*T) a := /^^>( a ). The construction of /* is more 
complicated. For the general case, we refer to loc.cit. But wc need only the following special case: 



Remark 4.1 Let be an object of Mod(X :t ). Then for elements /3 G B of the form f3 = t(q), 
we have 

\f*-J~) 3 — fa*3~ a- 



Hence, if the map r : A$ — > Bq is surjective, then the construction of /* becomes very simple. 



Example 4.1 

(i) When X is a scheme or a complex space and (JQ)jgj is a covering by affine subspaces, then 
by the separated condition, all X a are affine. Now let (C, A4) be the good pair (C^°\ M.^) 
or {C {1 \M {1) ) (seeUnj. Then a* := (T(X a , Xa )) a eM is an A/"-object in C and there is 
a 1 ^-correspondence between the objects of Coh(X^) and the A/"-objects M* in Ai over a*, 
such that each M a is finite over a a . 
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(ii) When A is a complex space, and the covering (Xi)i e j is locally finite and chosen in such 
a way that each X, admits a closed embedding into a polydisc P Q , then we get another 
simplicial scheme of Stein compacts: Set P a := J\ iea Pi- Then for a C 0, we have the 
projection P/3 — > P a . This makes P* = (P a ) a eN a simplicial scheme of Stein compacts and 
there is a closed embedding X* — > P*. 

(iii) Let X be a scheme of finite type over a Ring K and (Xj).j e i an open affine covering of X. 
Again, we can construct a new simplicial scheme: Set a a :— T(X a ,Ox a ) for a G AA. For 
each a, there is a free, finitely generated algebra K[T], that maps surjectively onto a a . So 
we get a closed embedding X a — ► Spec(K[A]) =: P a . As above, we get a simplicial scheme 
P* and a closed embedding A* — ► P*. 

The inclusions j'q, : A Q — ► A give rise to a map j : A» — > A of simplicial schemes of ringed 
spaces. Next we will study the adjoint functors and j*: 

j* is just the exact functor, mapping an Ox -module T to the Ox.-niodule (T\x a )aeN'- To describe 
j», we consider the Cech-functor: For an Ox, -module M.* set 

:= j m T a 

\a\=p 

and define a differential on C'(J-*) in the usual sense. Then j*J-* is just H° (C* (F*)) . 

j*j* is the identity functor. One can prove the adjointness of j* and j* directly by a gluing argu- 
ment. Since j* is an exact functor and j» is right adjoint to j* , we see that transforms injective 
objects in Mod(X^) into injective objects in Mod(X). 

By 0, proposition 2.26, each (Dx.-module admits an injective resolution by modules of the form 
riaeAA Pa*Z a with injective 0x a -modules T a . We will use the following properties of the functor 

Remark 4.2 

(i) For p > 0, the functor C p is exact. 

(ii) If T a is an Ox Q -module, then C* (p a *J- a ) is a resolution of j*(p a *J- a ). 

(iii) If T is an Ox-uiodule, then C*{j*T)) is a resolution of T. 

We generalize a part of proposition 2.28 for the case where X is just a ringed space and A* is 
the simplicial scheme of ringed spaces associated to some covering (Xi) i£ i of X: 

Proposition 4.1 The functor j* : D(X) — ► D(X*) embeds D(X) as a full and exact subcategory 
into D{X*) and C* = Rj* is an exact right adjoint. In particular, for T,Q £ D(X) and M* E 
D(A»), there are functorial isomorphisms 

Ext x (T, Q) S Ext x , (j*^, Q) and 
Extx,(i*^,M*) = Ext x (:F,C"(A4)). 

When all the maps p^p(A4 a ) — > A4p for a C f3 in A/" are quasi-isomorphisms, then for all n, 
there are isomorphisms 

Ext Xt (M*,j*F) ^Ext x (C*(A4*),.F). 

Proof: For the proof, that C" is the right derived functor of j*, we use an injective resolution X* 
of an 0x„ -module J~* from the same form as above. Then we have 

(i#„)(.F.) - cw = n^cpo* 2 ")* ~ n^*^* 2 "") = e *( 2 *) = ^*(^*)- 
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We only prove the first formula for Ext. Here X* denotes an injective resolution of j*Q. 



Ext^CfJP, j*g) = H n (Rom x ,(fT,X:)) = ff"(Hom x (f = 

Ext^(F, jJZ) = Ext^(F, (Rj*)(j*G)) = 

Ext n x {F,C'(j*G))=Vx.t n x {F,G). □ 

In the sequel, let X he a, complex space or a scheme of finite type over a noetherian ring. 
Now the structure sheaf Ox defines an A/"-Object a = a* in C. In the algebraic case each Ox~ 
module T defines an A/"-object F = F* in A4 over a. In the analytic case each coherent O^-module 
T defines an Af-object F = F* in M over a. Here (C,M) stands for (C^°\M^) in the algebraic 
case and for (C^\ A4^) in the analytic case. 

We make the following convention to avoid the distinction between analytic and algebraic tensor 
products: 

Convention: Let / : X* — > Y* be a morphism of simplicial schemes of Stein compacts and let 
J-,Q be graded objects in Aiod(X^), coherent in each degree. Then by T ®o Y Q, we mean the 
object in A4od(X*), which is given by the sheafification of the object T* in gr(C)^ given as follows: 
For a e Af set B a := r(y T(a) , Oy T(a) ), F a := T(X a ,T a ) and G a := T(X a ,Q a ). Then F a and G a 
are modules over B a via the comorphism of f a . Set T a := F a <S>B a G a This defines a simplicial 
DG algebra T*. 

In the same manner, we define the tensor product T ®m Q, when T and Q are modules over a 
sheaf of Ox, -modules TZ, coherent in each degree. 

4.1 Hochschild-cohomology for complex spaces and schemes 

Let / : X — > Y be a morphism of complex spaces or a morphism of finite type of noetherian 
schemes. 

By a resolvent of X over Y, we understand a collection of the following things: 

(I) The simplicial scheme Y* associated to a local finite affine covering (Yj)j^j of Y; (2) the 

simplicial scheme X* — (X a ) a< z_\f associated to a local finite affine covering (Xj^j^j^i^ of X. 

This covering is chosen in a way such that for a fixed j 6 J the family (Xji)i e i j is a covering of 

f^ 1 (Yj); (3) a simplicial scheme P* = {P a ) a ^U with the same index category; (4) a commutative 

diagram 

X^% P ^ 




Here / = (/, t) is the induced map of simplicial schemes, l is a closed embedding and g is a smooth 
map 14 ; (5) a free resolution .4.* of Ox, a s sheaf of DG-algebras on P* with = Op,, such in 
each degree there are only a finite number of free algebra generators. 

If *4* — ► B* is a morphism of sheaves of DG-algebras, coherent in each degree, on a simplicial 
space X*, where each X a is affine, then going over to global sections, we can construct a free res- 
olution 5* of := (T(X a , £> Q ))aeW over A* := (r(X a , A a )) a &Af, at least when P^ is a quotient 
of a free algebra over A° in &{C) N . This follows by @j, prop. 8.8. Sheafifying 5*, we get a free 
resolution 5* of B over A. Using this remark, it is easy to deduce the existence of free resolutions 
in the cases we are going to consider. 

14 This means that for each a £ Af and each p G P a the stalk Op a:P is free (in the analytic case as local analytic 
algebra) over Oy^. : y. 
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Example 4.2 Consider the case where X is smooth and F is just the single point Spec(C). Here 
we can choose Pi = Xi for i in the index set /. Then X a is a diagonal in P a and A can be chosen 
to be a Koszul resolution of a — (T(X a , Ox a ))aeN over A° — (T(P a ,Op a )) a£ j^. In this case one 
can prove that for each a, Q.A a is a module resolution of fl aa - It follows, that for a C /3, the 
restriction maps L Q (a/C) — ► Lg(a/C) are quasi-isomorphisms. Consequently, the canonical map 
L(X) — ► Qx is a quasi-isomorphism. 

Now, suppose that there is a given resolution (X*, F*, P*, „4*) of the morphism / : X — > F. 
Furthermore, set 1Z := A ®o Y , A and let S be a free resolution of A over 7£. 
The following definition coincides for complex spaces with the one, given in [S]: 

Definition 4.2 The simplicial Hochschild complex of X over Y is the object in the derived 
category D(X*) of Ox, -modules, represented by 

H*(X/F) :=S®ti O x ,- 

The Hochschild complex of X over Y is defined as the object in D(X), represented by 

W(X/Y) := C"(H*(X/F)). 

When Y is just the simple point, we will write M(X) instead of M(X/Y). 

To show the independence of the Hochschild complex of the choice of the resolvent, we have to 
use the following version of lemma (13.7): 

Lemme 4.1 Let f : X — ► X' be a flat homomorphism of complex spaces resp. schemes and 
(Xj)igj and {X'^i^p be compact locally finite coverings of X and X 1 by Stein compacts resp. open 
affine subsets. Let r : / — ► I' be a mapping, such that f(XA C X T u-\ for all i £ I. Denote the 
associated simplicial schemes by X* and X^. Then f defines a homomorphism (/, r) of simplicial 
schemes of ringed spaces. Let Q* be a complex in Coh(X') such that for a C /3 the restriction map 
p* a pQa — ► G' is a quasi-isomorphism. Then the canonical homomorphism 

f*G(Q') — -> C(f*0') 

is a quasi-isomorphism. 

Proposition 4.2 The definition of H(X/F) depends neither on the resolvent (F*, X*, P*, A*) 
nor on the choice of the resolvent S. 

Proof: Let (F*, X*, P*, A*) and (F*, X*, P*, .4.*) be two resolvents, 5 a free resolution of A over 
.4. <8> .4 and 5 a resolvent of A over ^l® A We have to show that there is a quasi-isomorphism 

C(S ®£ O x J — tf(5 ® n Ox,)- 

First case: Suppose that F* = F», X* = X» and P* = P*. Then it follows with proposition 12121 
that there is a quasi-isomorphism 

5®^ Oj^ ^S® n Ox, 
in A1od(X*). Applying the Cech functor, this case is proven. 

General case: Let Fj be the simplicial scheme associated to the covering {Yj} U {Yj} and X£ be 
the simplicial scheme associated to the covering {Xij} U {XL}. We construct Pi in the canonical 
way and can find a resolvent A', such that (F„', X£, P£, 44) forms another resolvent of / : X — ► F. 
There is a commutative diagram 

x„^^x: 

/, /: 

v ^ Y' 
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By the first case, there is a quasi-isomorphism 

h*(S' ® n > OxO~S® n O x ,- 

With lemma Bill there is a quasi-isomorphism 

C(S' ® n > OxO « C(h*(S' ® n > O x ,)), 

Hence we get C(S <®n Ox,) ~ C(S' ®n> Ox' t ) and in the same way we get C{S ®^ O x ) « 
C(S' ®k> o Xi ). % ' □ 

As in U3, we define the Hochschild cohomology of X over y with values in the sheaf J- as 
E-xtx, (M(X/y), J 7 ). At least in the case where T is coherent, we want to show that this definition 
is equal to the following one, which seems to be more natural, from the viewpoint of good pairs 
of categories: 

Definition 4.3 [alternative] 

Suppose that T is coherent. Let a be the algebra (T(X a , Ox a )) a eAf in (- ' , let k be the algebra 
r(y T ( a ),Oy r(a) )) Qe jv' in C 1 ^ . Then to /, there is associated a homomorphism k — ► a in C 1 ^ . Let 
F be the module (T(X a , J 7 a ))aeN'- Then we define the n-th Hochschild cohomology of X over 
Y as 

BH n (X/y, T) := H n (Hom a (H.(o/A!),F)). 



Remark 4.3 For := M*(X /y), the assumption of the second part of proposition l4lll is satis- 
fied, i.e. for a C (3 the maps P* a ij{M a ) — ► M/3 are quasi-isomorphisms. 

Proof: lemma 1.7. □ 

Corollary 4.1 For coherent Ox-modules T, the two definitions of Hochschild cohomology coin- 
cide, i.e. 

RR l (X/y,T) = Ext x (U(X/y),T). 



Proof: Since M*(X/y) is a complex of free Ox, -modules, with proposition 141 1 1 we get 

Ext x (M(X/y),T) = Ext Xt (M*(X /y),fF) = 
W (Hom a (H* (a/k), = RR l {X/y, T) . 



□ 



For a (noetherian) scheme X, we want to show that the definition of the Hochschild complex H(A) 
coincides with one of the definitions given in ^5] or JJ] : 

Proposition 4.3 Let C cycl (A) be the complex of sheaves in 97loD(A), associated to the presheaf 
U i > C cyc \T(U, Ox))- Then in D(X), there is an isomorphism 

C cycl {X) S H(A). 



Proof: Choose a resolvent (A*, P», A*) of A over the base ring K. Let S be a resolvent of A over 
7£ = .4. ® A Let a, A, i? and 5 be the simplicial algebras in gr(C)^ corresponding to Ox, , A, 1Z 
and S. There is an isomorphism in D(X): 

C(fC cyc \O x )) = C cyc \O x ). 
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But j*C cyc \O x ) corresponds to C cycl (a), which is quasi-isomorphic to C har {A) <Z> R a. C har {A) is a 
resolution of A over R, so by 0j, proposition (8.4), there is a quasi-isomorphism / : S — ► C bar (^4). 
Now each C haT {A) a = C baT {A a ) is, as well as S a , a free module resolution of A a over R a . So each 
f a is a homotopy equivalence. Hence for each a 

f a ®l:S a ® Ra a a — ► C hm '(A a ) ® Ra a a 

is a homotopy equivalence. So / <8> 1 is a quasi-isomorphism. In Z)(X*) it induces an isomorphism 

r(C^(0 x ))S5% Ox- 

Forming the Cech complex gives the desired result. □ 



4.2 The decomposition Theorem 

The quasi-isomorphism tot(AL a / fc ) — > H(a/fe) in gr(A^) 7 ^ over a in theorem 13121 defines a quasi- 
isomorphism 

tot(AL*(X/y)) — >W*{X/Y) 
in jMo«Z(X*). Since the Cech- functor is exact, we get the following HKR-type theorem: 

Theorem 4.1 There is an isomorphism 

tot(AL(Z/F)) — > M(X/Y) 

in the derived category D(X). 

From this we deduce easily the announced decomposition theorem: 

Corollary 4.2 There is a natural decomposition 

RR n (X/Y,M) = ® P - q =n Ext x (tot(A 9 L(X/r)),X) 

For complex spaces, this is just theorem 4.2 of [Sj- There is another nice description of Hochschild 
cohomology of complex spaces or noetherian schemes over a field K in any characteristic: 

Remark 4.4 HH n (X) = Ext X 2 (O x , O x )- 

Proof: We will use the letter K for the field K or for the complex numbers, depending on the 
context. With the notations as above, we get: 

EH n (X) = H n (Rom A (S <E> R a, a)) = H n {Rom R (S, a)) = 
H n (Hom a ® xa (S ® R (a ® K a), a)) = H n (Romo X 2 (S ®n Ojq)) 
= Ext^ 2 {O x , ,O x ,) = Ext** {O x , O x ). 

Here we have used that S <S>n Ox 2 is a resolution of Ox, and the fact that it is free over Ox 2 ■ O 
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4.3 Hochschild-Cohomology for manifolds and smooth varieties 

At last we will see that the decomposition theorem for Hochschild cohomology of complex man- 
ifolds, announced in 10 , follows easily from theorem 141 II It holds as well for smooth schemes 
of finite type over a field K of characteristic zero. This case was proven in a different way by 
Yekutieli []3|. 

Theorem 4.2 Let X be a complex analytic manifold or a smooth scheme of finite type over a 
field K of characteristic zero. Then there is a decomposition of Hochschild cohomology: 

HH n (X) = ]J H l {X,^T x ). 

i~j=n 

Proof: For complex analytic manifolds, we work with a fixed covering by Stein compacts and 
its associated simplicial scheme X*. For the case of smooth schemes of finite type over K, we 
work with an open affine covering by schemes of the form Spec (A), where A is a finitely generated 
K-algebra. Denote the associated simplicial scheme also by X*. 
By proposition 14131 theorem 13121 and example 14121 there are quasi-isomorphisms 

r(H(X)) = j* C(H*(X)) w H*(X) « AL*(Jf) » A 0xt ft Xm = j*(Ao x Qx) 
of Ox-modules. is the identity functor, so there is a quasi-isomorphism of Ox-modules 

w(x)^A 0x n x . 

We consider Ao x &x as complex in negative degrees, so Aflx = Uj>o ^^x[j] and 
UU n (X) = Ext x (M(X), Ox) = ]J Ext x + \Am x ,Ox)- 

j>0 

By |H], theorem (7.3.3), there is a (bounded) spectral sequence with E\ ,q = H P (X, £xt x (A : 'Qx,Ox)), 
converging to Extx(A J ^x, Ox)- But A^ilx is a locally free Ox-module, so £xt q x (A^Qx,Ox) is 
zero for q > and 7"fom;t(Af2x, Ox) for q = 0. So the spectral sequence degenerates at once and 
we get 

Ext x {A^Q x ,Ox) = H q (X,Tbmx{A^Qx,Ox). 
Now there is a natural isomorphism of sheaves 

A j T x = A j Hom x (n x ,Ox) — > 7iom x (A j Q x ,O x ), 

which by [T], prop. 7, p. 154 is an isomorphism. So we get HrT(X) = JJ j>0 H n+j '(X, A j T x ) = 
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